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THE SIX OPERATIONS FOR SHEAVES ON ARTIN STACKS I: FINITE 

COEFFICIENTS 

YVES LASZLO AND MARTIN OLSSON 


Abstract. In this paper we develop a theory of Grothendieck’s six operations of lisse-etale 
constructible sheaves on Artin stacks locally of finite type over an affine regular noetherian 
scheme of dimension < 1. We also generalize the classical base change theorems and Kunneth 
formula to stacks, and prove new results about cohomological descent for unbounded complexes. 


1. Introduction 

We denote by A a Gorenstein local ring of dimension 0 and characteristic 1. Let S be 
an affine regular, noetherian scheme of dimension < 1 and assume I is invertible on S. We 
assume that all S-schemes of hnite type X satisfy cdi(X) < oo fsee ll.O.ll for more discussion of 
this). For an algebraic stack ^ locally of hnite type over S and * G {+, —, b, 0, [a, 6]} we write 
D*(,^) for the full subcategory of the derived category D*(,^) of complexes of A-modules on 
the lisse-etale site of with constructible cohomology sheaves. 

In this paper we develop a theory of Grothendieck’s six operations of lisse-etale constructible 
sheaves on Artin stacks locally of hnite type over S^. In forthcoming papers, we will also develop 
a theory of adic sheaves and perverse sheaves for Artin stacks. In addition to being of basic 
foundational interest, we hope that the development of these six operations for stacks will have 
a number of applications. Already the work done in this paper (and the forthcoming ones) 
provides the necessary tools needed in several papers on the geometric Langland’s program 
(e.g. na. na, mi). We hope that it will also shed further light on the Lefschetz trace 
formula for stacks proven by Behrend (jEl), and also to versions of such a formula for stacks 
not necessarily of hnite type. We should also remark that recent work of Toen should provide 
another approach to dehning the six operations for stacks, and in fact should generalize to a 
theory for n-stacks. 

Let us describe more precisely the contents of this papers. For a morphism f : ^ ‘3^ of 

such S-stacks we dehne functors 

R/. : Y)t(X) ^ D+{»), Rf, : D-(X) -* 

^In fact our method could apply to other situations like analytic stacks or non separated analytic varieties. 
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Lf* : D,(^) ^ D,(^), Rf : D,(^) ^ D,(^), 

^/iom : D;( jr)°P X D+(^) ^ D+(^), 

and 

(-)l(-) : D-{^) X D,-(^) ^ D-{^) 

satisfying all the usnal adjointness properties that one has in the theory for schemes^. 

The main tool is to dehne R/i, f \ even for nnbonnded constrnctible complexes, by dnality. 
One of the key points is that, as observed by Laumon, the dnalizing complex is a local object 
of the derived category and hence has to exist for stacks by glueing (see 12331) • Notice that 
this formalism applies to non-separated schemes, giving a theory of cohomology with compact 
supports in this case. Previously, Laumon and Moret-Bailly constructed the truncations of 
dualizing complexes for Bernstein-Lunts stacks (see cni)- Our constructions reduces to theirs 
in this case. Another approach using a dual version of cohomological descent has been suggested 
by Gabber but seems to be technically much more complicated. 

Remark 1.0.1. The cohomological dimension hypothesis on schemes of hnite type over S is 
achieved for instance if S is the spectrum of a hnite held or of a separably closed held. In 
dimension 1, it will be achieved for instance for the spectrum of a complete discrete valuation 
held with residue held either hnite or separably closed, or if S is a smooth curve over C, Fg (cf. 
g, exp. X and [ 21 ] ). In these situations, cd/(X) is bounded by a function of the dimension 
dim(X). Notice that, as pointed out by Illusie, recent results of Gabber enables one to dramat¬ 
ically weaken the hypothesis on S. Unfortunately no written version of these results seems to 
be available at this time. 

1.1. Conventions. Recall that for any ring ^ of a topos, the category of complexes of 
modules has enough K-injective (or homotopically injective). Recall that a complex I is K- 
injective if for any acyclic complex of i^-modules A, the complex Jifom{A, I) is acyclic (see [22jj. 
For instance, any injective resolution in the sense of Gartan-Eileberg of a bounded below com¬ 
plex is K-injective. This result is due, at least for sheaves on a topological space to | 22 | and 
enables him to extend the formalism of direct images and Mhom to unbounded complexes. But 
this result is true for any Grothendieck category (( 201 ) • Notice that the category of ^-modules 

L 

has enough K-hat objects, enabling one to dehne Gi for unbounded objects (| 22 |)- 

All the stacks we will consider will be locally of hnite type over S. As in CBI, lemme 
12.1.2, the lisse-etale topos ^is-et can be dehned using the site Lisse-Et(.^) whose objects 


^We will often write /*,/', /*, f\ for L/*,R/’, R/*, R/i. 
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are S-morphisms m : U —where U is an algebraic space which is separated and of finite 
type over S. The topology is generated by the pretopology such that the covering families are 
hnite families (Uj, Wj) —>-(11, m) such that LJUj—^-U is surjective and etale (use the comparison 
theorem j2|, III.4.1 remembering is locally of finite type over S). Notice that products over 
^ are representable in Lisse-Et(<^), simply because the diagonal morphism Xs ^ 

is representable by definition (CHI). 

If C is a complex of sheaves and d a locally constant valued function C{d) is the Tate 
twist and C[(i] the shifted complex. We denote C{d)[2d] by C{d). Let hi = A(dim(S)) be the 
dualizing complex of S ([H], ’’Dualite”). 

2. Homological algebra 

2.1. Existence of K— injectives. Let ff) denote a ringed site, and let ^ denote a full 
subcategory of the category of (^-modules on Let M be a complex of ^-modules on 
By ( j22j . 3.7) there exists a morphism of complexes / : M —I with the following properties: 

(i) I = lim I„ where each I„ is a bounded below complex of flasque ^-modules. 

(ii) The morphism / is induced by a compatible collection of quasi-isomorphisms /„ : 
r>_„M ^ In. 

(iii) For every n the map I„ —I„_i is surjective with kernel a bounded below complex 
of flasque ^-modules. 

(iv) For any pair of integers n and i the sequence 

(2.1.0.1) 0 ^ k;. ^ ij. ^ ii,_, ^ 0 

is split. 

Remark 2.1.1. In fact (Ea, 3.7) shows that we can choose I„ and K„ to be complexes of 
injective ^-modules (in which case (iv) follows from (hi)). However, for technical reasons it is 
sometimes useful to know that one can work just with flasque sheaves. 

We make the following hniteness assumption, which is the analog of 1221,3.12 (1). 

Assumption 2.1.2. For any object U G .5^ there exists a covering {Uj —> U}jei and an integer 
no such that for any sheaf of ^-modules F G we have H"'(Ui, F) = 0 for all n > hq . 

Example 2.1.3. Let = Lisse-Et(.^) be the lisse-etale site of an algebraic S-stack locally of 
hnite type ^ and ^ a constant local Artinian ring of characteristic A invertible on S. Then 
the class ^ of all (^-sheaves, cartesian or not, satishes the assumption. Indeed, if U G ^5^ is of 
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finite type over S and F G one has H”(U, F) = Fu)^ which is zero for n bigger than 

a constant depending only on U (and not on F). Therefore, one can take the trivial covering 
in this case. We could also take 0 = Gg; and ’0 to be the class of quasi-coherent sheaves. 

With hypothesis 12.1.21 one has the following criterion for / being a quasi-isomorphism (cf. 

122 ], 3.13). 

Proposition 2.1.4. Assume that (M.) G ^ for all j. Then the map f is a quasi-isomorphism. 
In particular, if each is a complex of injective 0-modules then by [ 221 , 2-5, f : M ^ I is a 
K-injective resolution o/M. 

Proof: For a hxed integer j, the map is an isomorphism for n sufficiently 

big. Since this isomorphism factors as 

(2.1.4.1) ^^'(M) ^ ^^'(I) ^ 

it follows that the map is injective. 

To see that is surjective, let U G ^ be an object and 7 G F(U,P) an 

element with dy = 0 dehning a class in Since I = liml„ the class 7 is given by a 

compatible collection of sections 7 ^ G F(U, I^) with dy^ = 0. 

Let ('^ = {Uj —>• U}, no) be the data provided bv 12 . 1.21 Let N be an integer greater than 
no — j. For m > N and Uj G the sequence 

(2.1.4.2) r(Ui, k 7') - r(Uj, Kj.) ^ r(Uj, k 7‘) ^ r(u., Kp^) 

is exact. Indeed is a bounded below complex with G 10 for every j and = 

0 for j > —m + 2. It follows that K^,) = 0 for j > no — m -|- 2. 

Since the maps F(Ui,I))j) ^ F(Ui, are also surjective for all m and r, it follows from 
([22], 0 . 11 ) applied to the system 

(2.1.4.3) r(u., p„-') ^ r(Ui, 7) - r(Uj, ly') ^ r(u., py) 

that the map 

(2.1.4.4) (r(U„I)) ^ ff(F(U,,U)) 
is an isomorphism. 

Then since the map —>■ is an isomorphism it follows that for every i the 

restriction of 7 to Uj is in the image of <^-^(M)(Ui). 


^Cf. KI.H.ll below 
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□ 

Next consider a fibred topos i>D with corresponding total topos 3^, ([3], VI.7). We 
call a D-simplicial topos. Concretely, this means that for each z G D the hber ^ is a 
topos and that any 6 G HomD(z, j) comes together with a morphism of topos 6 : such 

that 5“^ is the inverse image functor of the hbred structure. The objects of the total topos 
are simply collections (Fj G EjjjgD together with functorial transition morphisms 
for any 5 G HomD(hj)- We assume furthermore that is ringed by a (f, and that for any 
5 G HomD(z, j), the morphism 5 : (.5^, ^j) is flat. 

Example 2.1.5. Let A"*" be the category whose objects are the ordered sets [n] = {0,... ,?7,} 
(n G N) and whose morphisms are injective order-preserving maps. Let D be the opposite 
category of A+. In this case is called a strict simplicial topos. For instance, if U — 
is a presentation, the simplicial algebraic space U, = cosqo(U/.^) defines a strict simplicial 
topos U,iis_et whose fiber over [n] is U^us-et- For a morphism 5 : [n] —>■ [m] in A’*’ the morphism 
S is induced by the (smooth) projection Um —^ Un defined by 5 G HomA+ opp ([m], [n]). 

Example 2.1.6. Let N be the natural numbers viewed as a category in which Hom(n, m) is 
empty unless m > n in which case it consists of a unique element. For a topos T we can then 
define an N-simplicial topos T^. The fiber over n of T^ is T and the transition morphisms by 
the identity of T. The topos T^ is the category of projective systems in T. If G, is a constant 
projective system of rings then the flatness assumption is also satisfied, or more generally if 
> Gm is an isomorphism for any morphism <5 : m —>■ n in N then the flatness assumption 

holds. 

Let be a full subcategory of the category of (^.-modules on a ringed D-simplicial topos 
(tT,, G,). For i e D, let Ci : Gn ^ G', the morphism of topos defined by e“^F, = F„ (cf. |21, 
Vbis, 1.2.11). Recall that the family e^^,i G D is conservative. Let 'Gi denote the essential 
image of G, under e~^ (which coincides with e* on Mod{G,, G,) because e^^G, = Gi). 

Assumption 2.1.7. For every z G D the ringed topos (J^, Gi) is isomorphic to the topos of a 
ringed site satisfying 12.1.21 with respect to Gi. 

Example 2.1.8. Let G', be the topos (.^is-et)^ of a S-stack locally of finite type. Then, the 
full subcategory G, of Mod{G,, G,) whose objects are families Fj of cartesian modules satisfies 
the hypothesis. 

Let M be a complex of ^.-modules on G,. Again by (|23; 3.7) there exists a morphism of 
complexes / : M —I with the following properties: 
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(Si) I = where each is a bounded below complex of injective modules. 

(S ii) The morphism / is induced by a compatible collection of quasi-isomorphisms fn '■ 
r>_„M ^ In. 

(S iii) For every n the map I„ ^ I„_i is surjective with kernel K„ a bounded below complex 
of injective i^-modules. 

(S iv) For any pair of integers n and i the sequence 

( 2 . 1 . 8 . 1 ) ^ 0 

is split. 

Proposition 2.1.9. Assume that G for all j. Then the morphism f is a quasi¬ 

isomorphism and / : M —>■ I zs a K-injective resolution ofM. 

Proof: By 1221 , 2.5, it suffices to show that / is a quasi-isomorphism. For this in 

turn it suffices to show that for every z G D the restriction e*f : e*M —e*I is a quasi¬ 
isomorphism of complexes of (^j-modules since the family e* = is conservative. But 
e* : Mod(J^, &,) —i>Mod(.^, ffi) has a left adjoint Cji dehned by 

[ei!(F)]j = ©5eHomD(y*)^*F 

with the obvious transition morphisms. It is exact by the flatness of the morphisms 5. It follows 
that e* takes injectives to injectives and commutes with direct limits. We can therefore apply 
ITTTI to e*M—»-e*I to deduce that this map is a quasi-isomorphism. □ 

In what follows we call a K-injective resolution / : M —I obtained from data (i)-(iv) as 
above a Spaltenstein resolution. 

The main technical lemma is the following. 

Lemma 2.1.10. Let e : —> (S,\k) he a morphism of ringed topos, and let C be a 

complex of -modules. Assume that 

(1) G If, for all n. 

(2) There exists zq such that = 0 for any n and any i > i^. 

Then, if j > —n + Zq, we have R-^e*C = R-^e*r>_„C. 

Proof: Bv 12.1.91 and assumption (1), there exists a Spaltenstein resolution / : C —I of C. 
Let Jn ■= cAn and := e*K„. Since the sequences 12 .1.8.11 are split, the sequences 

(2.1.10.1) 4_i ^0 
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are exact. 

The exact sequence 12. 1.8. II and property (S ii) defines a distinguished triangle 

Kfi ^ T>_^C T>_^_|_iC 

showing that is quasi-isomorphic to Because is a bounded below complex 

of injectives, one gets 

Re*jr-”(C)[n] = 

and accordingly 

By assumption (2), we have therefore 

= 0 for j > —n + ig. 

By (1221; 0.11) this implies that 

J„) ^ 

is an isomorphism for j > —n + zq. But, by adjunction, e* commutes with projective limit. In 
particular, one has 

lim Jn = e*I, 

and by (S i) and (S ii) 

Re*C = e*I and Re*r>_„C = e*J„. 

Thus for any n such that j > —n + zq one has 

(2.1.10.2) R^e*C = Jf'^'(eJ) = ^^'(4) = R^e*r>_nC. 

□ 

2.2. The descent theorem. Let (13^, ff,) be a simplicial or strictly simplicial ^ ringed topos 
(D = A°PP or D = A+°PP), let (S,\I') be another ringed topos, and let e : —>• (S,T) 

be an augmentation. Assume that e is a fiat morphism (i.e. for every z G D, the morphism of 
ringed topos (1^, ^ (S, T) is a fiat morphism). 

Let ^ be a full subcategory of the category of T-modules, and assume that is closed 
under kernels, cokernels and extensions (one says that is a Serve subcategory). Let D(S) 
denote the derived category of T-modules, and let D.^(S) C D(S) be the full subcategory 

“^One could replace simplicial by multisimplicial 
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consisting of complexes whose cohomology sheaves are in ^. Let denote the essential image 
of ^ nnder the fnnctor e* : Mod(\[') —>• Mod(^.). 

We assnme the following condition holds: 

Assumption 2.2.1. Assumption 12.1.71 holds (with respect to and e* : is an 

eqnivalence of categories with qnasi-inverse Re*. 

Lemma 2.2.2. The full subcategory C Mod(i^,) is closed under extensions, kernels and 
cokernels. 

Proof: Consider an extension of sheaves of (^,-modnles 

(2.2.2.1) 0 -^ e*Fi -^ E -^ e^Fa -^ 0, 

where Fi,F 2 G Since R^e*e*Fi = 0 and the maps Fj —R°e*e*Fj are isomorphisms, we 
obtain by applying e*e* a commntative diagram with exact rows 

0 -> e*Fi -> e*e*E -^ e^Fa -> 0 

(2.2.2.2) id 

0 -^ e*Fi -> E -^ e*F 2 -^ 0. 

It follows that a is an isomorphism. Fnrthermore, since ^ is closed nnder extensions we have 
e*E G Let / G Hom(e*Fi, e^Fa). There exists a nniqne (p G Hom(Fi,F 2 ) snch that / = e*(p. 
Becanse e* is exact, it maps the kernel and cokernel of (p, which are objects of to the kernel 
and cokernel of / respectively. Therefore, the latter are objects of □ 

Let D(.%) denote the derived category of ^,-modnles, and let D(J^) denote 

the fnll snbcategory of complexes whose cohomology sheaves are in 

Since e is a flat morphism, we obtain a morphism of triangnlated categories (the fact that 
these categories are triangnlated comes precisely from the fact that both ^ and are Serre 
categories [12] )• 

(2.2.2.3) e* :D^(S)-.D^.(.^.)- 

Theorem 2.2.3. The functor e* of \2.2.2.'^ is an equivalence of triangulated categories with 
quasi-inverse given by Re*. 

Proof: Note hrst that if M, G D<^. (.%), then by lemma E.l.lOl for any integer j there exists 
uq snch that R-^e*M, = R-^e*r>„QM,. In particular, we get by induction R-^e*M, G Thus Re* 
dehnes a functor 



( 2 . 2 . 3 . 1 ) 


Re*:D^.(^.)-^D^(S). 
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To prove 121231 it suffices to show that for M, G D.^. and F G D<^(S) the adjunction maps 

(2.2.3.2) e*Re,M, ^ M., F ^ Re*e*F. 


are isomorphisms. For this note that for any integers j and n there are commutative diagrams 


e*Rte*M. -^ 

(2.2.3.3) 

e*R^e*r>„M. -> 

and 


^ Rte*e*F 

(2.2.3.4) 

^^(r>„F) -> R^e*e*r>„F. 


By the observation at the begining of the proof, there exists an integer n so that the vertical 
arrows in the above diagrams are isomorphisms. This reduces the proof (21231 fo the case of a 
bounded below complex. In this case one reduces by devissage to the case when M, G and 
F G in which case the result holds by assumption. □ 

The Theorem applies in particular to the following examples. 


Example 2.2.4. Let S be an algebraic space and X, —> S a flat hypercover by algebraic spaces. 
We then obtain an augmented simplicial topos e : (X, 4 t,^x. 4 *) (Set, ^et)- Note that this 
augmentation is flat. Let ^ denote the category of quasi-coherent sheaves on Set- Then the 
category is the category of cartesian sheaves of ^x. whose restriction to each 

X„ is quasi-coherent. Let Dqcoh(X,) denote the full subcategory of the derived category of 
<^x.,et^modules whose cohomology sheaves are quasi-coherent, and let Dqcoh(S) denote the full 
subcategory of the derived category of whose cohomology sheaves are quasi- 

coherent. Theorem 12.2.31 then shows that the pullback functor 

(2.2.4.1) 6* : Dqcoh(S) ^ Dqcoh(X.) 

is an equivalence of triangulated categories with quasi-inverse Re*. 

Example 2.2.5. Let ^ be an algebraic stack and let U, ^ be a smooth hypercover by 
algebraic spaces. Let D(,^) denote the derived category of sheaves of , 5 ,^-modules in the 

topos Siis-et, and let Dqcoh(<^) C D(^) be the full subcategory of complexes with quasi- 
coherent cohomology sheaves. 
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Let Uj" denote the strictly simplicial algebraic space obtained from U, by forgetting the 
degeneracies. Since the Lisse-Etale topos is functorial with respect to smooth morphisms, we 
therefore obtain a strictly simplicial topos U.ns-et and a flat morphism of ringed topos 

Then I2I2II1 holds with ^ equal to the category of quasi-coherent sheaves on . The category 
in this case is the category of cartesian (^u.iis.st^'^ohules M, such that the restriction is 
a quasi-coherent sheaf on for all n. Rv 12 . 2.81 we then obtain an equivalence of triangulated 
categories 

(2.2.5.1) Dqcoh(^) ^ Dqcoh(U.,lis.et), 

where the right side denotes the full subcategory of the derived category of i^u.iis. 4 t^^ohules 
with cohomology sheaves in 

On the other hand, there is also a natural morphism of ringed topos 

T : (U,lis-et, ^U.iia.4t) (U»et, ^U.^t) 

with TT* and vr* both exact functors. Let Dqcoh(U,et) denote the full subcategory of the de¬ 
rived category of consisting of complexes whose cohomology sheaves are quasi- 

coherent (i.e. cartesian and restrict to a quasi-coherent sheaf on each U„et)- Then vr induces 
an equivalence of triangulated categories Dqcoh(U,et) — Dqcoh(U.iis-et)- Putting it all together 
we obtain an equivalence of triangulated categories Dqcoh(=^is-et) — Dqcoh(U,et)- 

Example 2.2.6. Let be an algebraic stack locally of finite type over S and ^ be a constant 
local Artinian ring A of characteristic invertible on S. Let U, —be a smooth hypercover by 
algebraic spaces, and the localized topos =^is-et|u.- Take to be the category of constructible 
sheaves of (^-modules. Then gives an equivalence Dc(.^is-et) — Dc(.i5i,A). On the other 
hand, there is a natural morphism of topos \ ^ ^,,et and one sees immediately that A* 

and A* induce an equivalence of derived categories Dc(.^,A) ~ Dc(U,,et, A). It follows that 
^ D,(U.,ei). 

2.3. The BBD gluing lemma. The purpose of this section is to explain how to modify the 
proof of the gluing lemma m 3.2.4] for unbounded complexes. 

Let A denote the strictly simplicial category of finite ordered sets with injective order 
preserving maps, and let A+ C A denote the full subcategory of nonempty finite ordered sets. 
For a morphism a in A we write 5 ( 0 ;) (resp. b{a)) for its source (resp. target). 
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Let T be a topos and U. —> e a strictly simplicial hypercovering of the initial object e G T. 
For [n] G A write Un for the localized topos T|u„ where by dehnition we set U 0 = T. Then we 
obtain a strictly simplicial topos U. with an angmentation vr : U. —> T. 

Let A be a sheaf of rings in T and write also A for the indnced sheaf of rings in U. so that 
TT is a morphism of ringed topos. 

Let denote a fnll snbstack of the hbered and cohbered category over A 

[n] I—(category of sheaves of A-modnles in U„) 

snch that each is a Serre snbcategory of the category of A-modnles in Un. For any [n] we 
can then form the derived category D^(U„,A) of complexes of A-modnles whose cohomology 
sheaves are in The categories D<^(U„, A) form a hbered and cohbered category over A. 

We make the following assnmptions on 

Assumption 2.3.1. (i) For any [n] the topos U„ is eqnivalent to the topos associated to a site 
snch that for any object V G y'n there exists an integer no and a covering {Vj —> V} in y'n 
snch that for any F G we have F) = 0 for all n > no- 

(ii) The natnral fnnctor 

^0 —>• (cartesian sections of ^|a+ over A^) 

is an eqnivalence of categories. 

(hi) The category D(T, A) is compactly generated. 

Remark 2.3.2. The case we have in mind is when T is the lisse-etale topos of an algebraic 
stack ^ locally of hnite type over an affine regnlar, noetherian scheme of dimension < 1, U. 
is given by a hypercovering of ^ by schemes, A is a Gorenstein local ring of dimension 0 and 
characteristic I invertible on ^, and ^ is the category of constrnctible A-modules. In this 
case the category Dc(.^is-et 5 A) is compactly generated. Indeed a set of generators is given by 
sheaves j\A[i] for i G Z and j : \J ^ an object of the lisse-etale site of ,2^. 

There is also a natnral fnnctor 

(2.3.2.1) D-^(T, A) —> (cartesian sections of [n] 1 —*• D-^(Un,A) over A^). 

Theorem 2.3.3. Let [n] 1 —*• K„ G D^(U„, A) he a cartesian section of[n] D<^(U„, A) over 
such that (oxfiKo, Kq) = 0 for alii < 0. Then (K„) is induced by a unique object K G D^(T, A) 
via the functor \2.S.2.1\ 


The nniqneness is the easy part: 
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Lemma 2.3.4. Let K, L G D(T,A) and assume that = 0 for i < 0. Then U !—>■ 

HomD(u,A)(K|u, L|u) is a sheaf. 


Proof: Let denote the complex ^hom(K,h). By assumption the natural map 
r>o^ is an isomorphism. It follows that HomD(u,A)(^lu 5 L|u) is equal to the value of 
on U which implies the lemma. 

The existence part is more delicate. Let denote the hbered and cohbered category over 
A whose hber over [n] G A is the category of A-modules in U^. For a morphism a \ [n] ^ [m], 
F G s^{n) and G G .e/ (m) we have 


HomQ,(F, G) = Hom^(m)(Q!*F, G) = Hom^(„)(F, a^G). 


We write for the restriction of s?/ to A"*". 
Dehne a new category as follows: 


• The objects of tot(j 2 /+) are collections of objects (A”)„>o with A*^ G £/{n). 

• For two objects (A"^) and (B”) we dehne 


HomtotK+)((A’^),(B")) ;= J] Hom«(W(“), B'(“)), 

OL 


where the product is taken over all morphisms in A”^. 

• If / = (/a) G Hom((A"), (B")) and g = ((/a) G IIom((B"), (G”)) are two morphisms 
then the composite is dehned to be the collection of morphisms whose a component is 
dehned to be 

{9 o /)« := XI 

a=fi^ 

where the sum is taken over all factorizations of a. 

The category is an additive category. 

Let (K, d) be a complex in so for every degree n we are given a family of objects 

(K»^)m g ^ ggl; 


j^n,m_ 


For a : [n] —>• [m] in A+ let d{a) denote the a-component of d so 


d{a) G Homa((KP)’^, (K^’+^)"") = Homa(K”’^“'^, 

or equivalently d{a) is a map . In particular, (i(id[„]) dehnes a map —>■ 

j^n,m+i explained in [71 3.2.8] this map makes K**’* a complex. Furthermore for any a the 

map d{a) dehnes an a-map of complexes K"’* —K™’* of degree n — m + 1. The collection of 
complexes K”^’* can also be dehned as follows. For an integer p let L^K denote the subcomplex 
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with (L^K)"’™' equal to 0 if n < p and K"’™' otherwise. Note that for any a \ [n] ^ [m] which is 
not the identity map [n\ —> [n] the image of d{a) is contained in Taking the associated 

graded of L we see that 

grEK[n| = (K"’*,d") 

where d" denote the differential (—l)”(i(id[„]). Note that the functor (K, d) i—K"’’* commutes 
with the formation of cones and with shifting of degrees. 

As explained in [3 3.2.8] a complex in is completely characterized by the data 

of a complex G for every [n] G A"*" and for every morphism a : [n] —>■ [m] an 

a-morphism d{a) : K”’* —^ K”^’* of degree n — m + 1, such that d(id[„]) is equal to (—I)"" times 
the differential of K”'’* and such that for every a we have 

d{(3)d{-f) = 0. 

a=l3"f 

Via this dictionary, a morphism / : K ^ L in C(tot( 3 V’'')) is given by an a-map /(a) : —>■ 

K™’* of degree n — m for every morphism a \ [n] ^ [m] in A’*' such that for any morphism a 
we have 

Y 

q :=/37 Q=fi'y 

Let K(tot( 3 V+)) denote the category whose objects are complexes in tot( 3 V+) and whose 
morphisms are homotopy classes of morphisms of complexes. The category K(tot( 3 V+)) is a 
triangulated category. Let L C K(tot( 3 V+)) denote the full subcategory of objects K for which 
each K"’* is acyclic for all n. The category L is a localizing subcategory of K(tot( 3 V''')) in the 
sense of |H1 1.3] and hence the localized category D(tot( 3 V’'')) exists. The category D(tot( 3 V’'')) 
is obtained from K{tot{s^~^)) by inverting quasi-isomorphisms. Recall that an object K G 
K(tot( 3 V+)) is called L-local if for any object X G L we have HomK(tot(i/+))(X, K) = 0. Note 
that the functor K i—>■ K”’* descends to a functor 

D(tot( 3 V+)) ^D(U„,A). 

We dehne D+(tot( 3 V+)) C D(tot( 3 V+)) to be the full subcategory of objects K for which there 
exists an integer N such that = 0 for all n and all j < N. 

Recall jHl 4.3] that a localization for an object K G K(tot( 3 V''')) is a morphism K —> I with 
I an L-local object such that for any L-local object Z the natural map 

(2.3.4.1) HomK(tot(.5/+))(I, Z) ^ HomK(totK+))(K, Z) 


is an isomorphism. 
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Lemma 2.3.5. A morphism K —> I is a localization if and only if I is L-local and for every n 
the map K""’* —> P’* is a quasi-isomorphism. 

Proof: By jSl 2.9] the morphism 12 .3.4 .11 can be identihed with the natural map 

(2.3.5.1) HomD(totK+))(I, Z) ^ HomD(totK+))(K, Z). 

If K —> I is a localization it follows that this map is a bijection for every L-local Z. By Yoneda’s 
lemma applied to the full subcategory of D(tot(.eZ+)) of objects which can be represented by 
L-local objects, it follows that this holds if and only if K —> I induces an isomorphism in 
D(tot(jY^)) which is the assertion of the lemma. 

Proposition 2.3.6. Let K G C(tot(. 2 Z’'')) be an object with each K""’* homotopically injective. 
Then K is L-local. 

Proof: Let X G L be an object. We have to show that any morphism / : X —K in 
C(tot(jY+)) is homotopic to zero. Such a homotopy h is given by a collection of maps h{a) 
such that 

/(«) = - X] d{j3)h{^) + h{j3)d{^). 

a=f3'y 

We usually write just h for h(id[„]). 

We construct these maps h{a) by induction on h{a) — s(a). For s(a) = h{a) we choose the 
h{a) to be any homotopies between the maps /(id[n]) and the zero maps. 

For the inductive step, it suffices to show that 

\b(a) = /(a) + d{a)h + hd{a) + 'd{f3)h{'y) + h{f3)d{'j) 

a=f3'y 

commutes with the differentials d, where denotes the sum over all possible factorizations 

with (3 and 7 not equal to the identity maps. For then \['(a) is homotopic to zero and we can 
take h{a) to be a homotopy between \['(a) and 0 . 

Dehne 

+ Kl)d{l3) 

a=fS'f 

and 

B(q;) = d{a)h + hd{a) + A(a). 

Lemma 2.3.7. 

'MP)dh) - d(P)A(j) = 'h(P)Sh) - Smhh). 

ol=( 3^ a=P‘y 
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where S(a) denotes X]a =/37 
Proof: 

'M/3)dh) - d{f3)A{'j) = 'd{e)h{p)d{-f) + h{e)d{p)d{'j) - d{e)h{p)d{'y) - d{e)d{p)h{-f) 

a=/3'y a=ep'y 

= ^'h(m7) - 

a=P'y 

where denotes the sum over all possible factorizations with e, p, and 7 not equal to the 

identity maps. 


Lemma 2.3.8. 

Y 'B(/3)d(7)-d(/3)B(7) = -h(d(a)d + dd(a)) + (d(a)d + dd(a))h+Y '^(/d)S(7)-S(/3)h(j). 

a=P'y a=P'f 

Proof: 

Y, 'B(/3)d(7) - rf(/3)B(7) 

a=P"f 

= 'Y^ 'd{f3)hd(Yi) + hd{(3)d{'y) + A{{3)d{'y) — d{f3)d{'j)h — d{(3)hd{'y) — d(/3)A(7) 

a=P'j 

= —h{d{a)d + dd{a)) + {d{a)d + dd{a))h + 'Y^ 'd{f3)S{'y) — S{f3)h{'j). 

a=P'f 

We can now prove I2.3.(il We compute 

dA{a) — A{a)d 

= Y 'dd{(d)h{^) + dh{f3)d{-i) - d(/3)h(7)d - h{f3)d{-i)d 

a=P'y 

= Y + (-f(P) - B(/3) - himAy) - d(D)(-f(y) - 8 ( 7 ) - dh(y)) - h(my)d 

a=0'y 

= Y '‘i‘i(<3)A(7) - f(J3)dM - B(my) 

a=P'y 

- h{fj)dd(-t) + d(id)f(y) + o!(;3)B(7) + d{fd)dk{y) - h{l3)d(y)d 
= lE '{-S(my)) + Hmy)-fifi)d{7) + d{P)f{y)] 

a=P'y 

+ h{d{a)d + dd{a)) — {d{a)d + dd{a))h — 'Y^ 'h{(d)S{'y) — S{f3)h{'j) 

a=P'f 

= f{a)d — df{a) + fd{a) — d{a)f + h{d{a)d + dd{a)) — {d{a)d + dd{a))h. 
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So finally 

d^{a) — '^{a)d 

= df{a) + dd{a)h + dhd{a) + dA{a) — f{a)d — d{a)hd — hd{a)d — A{a)d 
= df{a) + dd{a)h + dhd{a) — f{a)d — d{a)hd — hd{a)d 
+ f{a)d — df{a) + fd{a) — d{a)f + hd{a)d + hdd{a) — d{a)dh — dd{a)h 
= 0 . 

This completes the proof of l 2 .H.hl 
Let 

e* : C(,c/(0)) —>• C(tot(,c/’'')) 

be the functor sending a complex K to the object of C(tot(^''')) with = K with maps 

(i(id[„]) equal to (— 1 )” times the differential, for di : [n] —>• [n + 1 ] the map d{di) is the canonical 
map of complexes, and all other d(a)’s are zero. The functor e* takes quasMsomorphisms to 
quasi-isomorphisms and hence induces a functor 

e* : D(. 5 /( 0 )) D(tot(^+)). 

Lemma 2.3.9. The functor e* has a right adjoint Re* : D(tot(i 2 /’'')) —D(j 2 /( 0 )) and Re* is a 
triangulated functor. 

Proof: We apply the adjoint functor theorem [THl 4.1], By our assumptions the cate¬ 
gory D(i 2 /( 0 )) is compactly generated. Therefore it suffices to show that e* commutes with 
coproducts (direct sums) which is immediate. 

More concretely, the functor Re* can be computed as follows. If K is L-local and there 
exists an integer N such that for every n we have K"’™' = 0 for m < N, then Re*K is represented 
by the complex with 

(p ly'iP _ m , lyn.m 

with differential given by 'Yh d{a). This follows from Yoneda’s lemma and the observation that 
for any F G D(jY( 0)) we have 

HomD(^( 0 )) (F, Re*K) = HomD(totK+)) (e*F, K) 

= HomK(tot(i/+))(^*F 5 K) since K is L-local 
= HomK(.(^( 0 ))(F,e*K) by [H 3.2.12]. 

Lemma 2.3.10. For any F G D’^(.«Y(0)) the natural map F —>■ Re*e*F is an isomorphism. 
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Proof: Represent F by a complex of injectives. Then e*F is L-local by l 2 .Tb[ The result 
then follows from cohomo logical descent. 

Proposition 2.3.11. Let K G an object. Then e*Re*K ^ K is an isomor¬ 

phism. In particular, Re* and e* induce an equivalence of categories between 
and D+(. 2 /(0)). 

Proof: For any integer s and system (K"’*,(i(a)) dehning an object of C(tot(j 2 /’'')) we 
obtain a new object by (r<sK”'’*, d{a)) since for any a which is not the identity morphism the 
map d{a) has degree < 0. We therefore obtain a functor r<s : C(tot(.g/’'')) —>• C(tot(.e/’'')) 
which takes quasi-isomorphisms to quasi-isomorphisms and hence descends to a functor 

T<s : D(tot(i2/^)) ^ D(tot(j2/^)). 

Furthermore, there is a natural morphism of functors r<s —»• t<s+i and we have 

K ~ hocolim r<sK. 

Note that the functor e* commutes with homotopy colimits since it commutes with direct sums. 
If we show the proposition for the r<sK then we see that the natural map 

e*(hocolimRe*r<sK) ~ hocolime*Re*r<sK —> hocolimr<sK ~ K 

is an isomorphism. In particular K is in the essential image of e*. Write K = e*F. Then by 
12.3.101 Rc^K ~ F whence e*Re*K —K is an isomorphism. 

It therefore suffices to prove the proposition for K bounded above. Considering the distin¬ 
guished triangles associated to the truncations r<sK we further reduce to the case when K is 
concentrated in just a single degree. In this case, K is obtained by pullback from an object of 
(0) and the proposition again follows from 12.3.101 
For an object K G K(tot(.c/''')), we dehne r>sK to be the cone of the natural map r< 5 _iK — 
K. 

Observe that the category has products and therefore also homotopy limits. 

Let K G be an object. Bv l2.3.lR for each s we can hnd a bounded below complex 

of injectives R G C(i/(0)) and a quasi-isomorphism ag : —>• e*R. Since e*R is L-local and 

e* : D+(j 2 /( 0 )) ^ D(tot(.«/■'■)) is fully faithful bv 12.3.111 the maps r>s_iK —^ r>sK induce a 
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unique morphism tg : Is_i —^ in K(^(0)) such that the diagrams 


r>s-iK 




r>sK 


e*L 


commutes in K(tot(^+)). 


Proposition 2.3.12. The natural map K ^ holime*!^ is a quasi-isomorphism. 


Proof: It suffices to show that for all n the map holime*!^ is a quasi-isomorphism, 

where : U„ —> T is the projection. Let be a site inducing as in 12.3. II We show 
that for any integer i the map of presheaves on the subcategory of satisfying the finiteness 
assumption in imi(i) 

(V ^ U,,) ^ H*(V, ^ tf(V, holime;i,) 

is an isomorphism. For this note that for every s there is a distinguished triangle 

and hence by the assumption 12.3.11 fit the map 
(2.3.12.1) ff(V,6:i,)^ff(V,e:i,_i) 

is an isomorphism for s < i — nQ. Since each e*!^ is a complex of injectives, the complex e*!^ 
is also a complex of injectives. Therefore 

H‘(v,n<i.)=ff(n<i.(v))= 

s s s 

It follows that there is a canonical long exact sequence 

-. n,H-KI,(V)) iSi n.ff(€;l.(V)) -. H‘(V,holim€;l.) -. .... 

From this and the fact that the maDs inf.l2.1l are isomorphisms for s sufficiently big it follows 
that the cohomology group I1*(V, holime*!*) is isomorphic to H*(V, via the canonical map. 
Passing to the associated sheaves we obtain the proposition. 

Corollary 2.3.13. Every object K G is in the essential image of the functor 

e* : D^(.{/(0)) ^ D^(tot(.5/+)). 
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Proof: Since e* also commutes with products and hence also homotopy limits we hnd that 
K ~ e*(holim I*) in D-^(tot(^’'')) (note that ^^(holimls) is in since this can be checked 
after applying e*). 

Lemma 2.3.14. Let [n] be a cartesian section of [n] i—>■ D(U„, A) such that K"") = 

0 for all i < 0. Then (K"") is induced by an object of . 

Proof: Represent each K” by a homotopically injective complex (denoted by the same 
letter) in C(U„, A) for every n. For each morphism 5, : [n\ —>■ [n + 1] (the unique morphism 
whose image does not contain i) choose a 9j-map of complexes d* : K"" —inducing the 
given map in D(U„+i,A) by the strictly simplicial structure. The proof then proceeds by the 
same argument used to prove 0 3.2.9], 

Combining this with 12.3.131 we obtain 1^.3.31 □ 

3. Dualizing complex 

3.1. Dualizing complexes on algebraic spaces. Let W be an algebraic space and w : W —S 
be a separated® morphism of hnite type with W an algebraic space. We’ll dehne 12^ by glueing 
as follows. By the comparison lemma (0, III.4.1), the etale topos Wet can be dehned using 
the site Etale(W) whose objects are etale morphisms A : U—^-W where a : U —>• S is affine of 
hnite type. The localized topos Wgt|u coincides with U^f 

Unless otherwise explicitly stated, we will ring the various etale or lisse-etale topos which 
will be appear by the constant Gorenstein ring A of dimension 0 of the introduction. 

Notice that this is not true for the corresponding lisse-etale topos. This fact will cause 
some difficulties below. Let D denote the dualizing complex of S, and let a : U —>■ S denote the 
structural morphism. We dehne 


(3.1.0.1) 


DA = «'DeD(Uet,A) = D(Wet|u). 


which is the (relative) dualizing complex of U, and therefore one gets by biduality ([0], «Th. 
hnitude» 4.3) 


(3.1.0.2) 


^hom{flfi,, Ga) = A 


implying at once 


(3.1.0.3) 


'^^^W4t|u^^A,h2A) = 0 if i < 0. 


5 


Probably one can assume only that w quasi-separated, cf. XVIL7; but we do not need this more general 


version. 
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We want to apply the glueing theorem I2.H.HI Let us therefore consider a diagram 


V 


a 


u 



/3 W 


with a commutative triangle and A, B G Etale(W). 


Lemma 3.1.1. There is a functorial isomorphism 

Proof: Let W = U Xw V : it is an affine scheme, of hnite type over S, and etale over both 
U, V. In fact, we have a cartesian diagram 


U Xw V-^ W 

5 A 

U Xs V-- W Xs W 

where A is a closed immersion (W/S separated) showing that W = Ux wV is a closed subscheme 
of U X g V which is affine. Looking at the graph diagram with cartesian square 


b 

W —- U 



V —- w 

B 


we get that a, b are etale and separated like A, B. One deduces a commutative diagram 


w u 



V-- S 

/3 


We claim that 


( 3 . 1 . 1 . 1 ) 


b'a'Q = a‘l3'a. 
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Indeed, a, b being smooth of relative dimension 0, one has 

b*a-Q = b-a'Q 


and analogously 

a*f3-Q = a'f3-Q. 

Because ab = f3a, one gets b'a' = a'(3\ Pulling back by s gives the result. □ 

Therefore (f^A)AGEtaie(w) dehnes locally an object of D(W) with vanishing negative SxVs 
(recall that tc : W ^ S is the structural morphism). Bv I 2 .d.d[ we get 

Proposition 3.1.2. There exists a unique G D(W 4 t) such that |U - ^A- 

We need functoriality for smooth morphisms. 

Lemma 3.1.3. If f : Wi—s>W 2 is a smooth S-morphism of relative dimension d between 
algebraic space separated and of finite type over S with dualizing complexes then 

rn2 = n,{-d). 

Proof: Start with U 2 —> W 2 etale and surjective with U 2 affine say. Then, Wi = Wi Xuj W 2 
is an algebraic space separated and of hnite type over S. Let Ui —>• Wi be a surjective etale 
morphism with Ui affine and let 5 ^ : Ui —> U 2 be the composition Ui—s>Wi—*> 112 . It is a smooth 
morphism of relative dimension d between affine schemes of hnite type from which follows the 
formula g\—) = g*{—){d). Therefore, the pull-backs of Li = f2i( — d) and f*fl 2 on Ui are the 
same, namely flui- One deduces that these complexes coincide on the covering sieve Wi^t|Ui 
and therefore coincide bv 12.3.41 fbecanse the relevant negative Sxfs vanish. □ 

3.2. Etale dualizing data. Let S be an algebraic S-stack locally of hnite type. Let 

A : U —in Lisse-Et(.^) and a : U —*■ S the composition U ——>• S. We dehne 

(3.2.0.1) Ka = f2a(- c^a) e D,(U,5 t,A) 

where d^ is the relative dimension of A (which is locally constant). Up to shift and Tate torsion, 
Ka is the (relative) dualizing complex of U and therefore one gets by biduality 


(3.2.0.2) 


MhomifKp^, Ka) = A and Sxt\j^^{Kp^, Ka) = 0 if i < 0. 
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We need again a functoriality property of Ka- Let us consider a diagram 

cr 

V-- U 


B X A 


A A 

s 


with a 2-commutative triangle and A, B G Lisse-Et(<^). 

Lemma 3.2.1. There is a functorial identification 

a*KA = Kb. 

Proof: Let W = U x ^ V which is an algebraic space. One has a commutative diagram 
with cartesian square 


b 

w —- u 



V —- ^ 

B 


In particular, a, b are smooth and separated like A, B. One deduces a commutative diagram 


b 

w —- u 



V —- s 

p 


I claim that 


(3.2.1.1) 6*Ka = a*KB = K^. 

where w denotes the structural morphism W —>■ S. 

Indeed, a, h being smooth of relative dimensions c/a, c^b, one has 13.1.3) 

6*Ka = h*n^{-dA) = n^{-dA- dn) 


and analogously 


o^Kb = a*n{ — djf) = Tla{ — c^B — c^a). 

Because ab = f3a, one gets b'a' = a'(3\ Pulling back by s gives the result. 


□ 
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Remark 3.2.2. Because all S-schemes of finite type satisfy cdA(X) < oo, we know that Kx 
is not only of finite quasi-injective dimension but of finite injective dimension (0, 1.1.5). By 
construction this implies that Ka is of hnite injective dimension for A as above. 

3.3. Lisse-etale dualizing data. In order to dehne G by glueing, we need 

glueing data aa G D(.^ig_^t|u )5 U ^ Lisse-Et(.^). The inclusion 

Etale(U) Lisse-Et(.^)|u 

induces a continuous morphism of sites. Since hnite inverse limits exist in Etale(U) and this 
morphism of sites preserves such limits, it dehnes by (0, 4.9.2) a morphism of topos (we abuse 
notation slightly and omit the dependence on A from the notation) 

e . ^ Uet- 

3.3.1. Let us describe more explicitely the morphism e. Let Lisse-Et(.^)|u denote the cate¬ 

gory of morphisms V —> U in Lisse-Et(,^). The category Lisse-Et(,^)ju has a Grothendieck 
topology induced by the topology on Lisse-Et(.^), and the resulting topos is canonicallly iso¬ 
morphic to the localized topos Note that there is a natural inclusion Lisse-Et(U) 

Lisse-Et(.^)|u but this is not an equivalence of categories since for an object (V —>• U) G 
Lisse-Et(.^)|u the morphism V —>■ U need not be smooth. It follows that an element of 
.^is-et|u is equivalent to giving for every U-scheme of hnite type V —>• U, such that the com¬ 
posite V ^ U —is smooth, a sheaf G Vet together with morphisms —>• for 

U-morphisms / : V' —V. Furthermore, these morphisms satisfy the usual compatibility with 
compositions. Viewing .^is-et|u in this way, the functor e~^ maps ^ on U^t to G V^t 

where tt : V—>U G Lisse-Et(.^)|u. For a sheaf F G ^\is-et\v corresponding to a collection of 
sheaves the sheaf e*F is simply the sheaf 

In particular, the functor e* is exact and, accordingly, that H*(U, F) = II*(Uet,Fu) for any 
shaf of A modules of . 

3.3.2. A morphism / : U—> V of Lisse-Et(,^) induces a diagram 

«^3is-et I U U,t 

(3.3.2.1) /I 

'^is-et I V Vet 

where .^is_ 4 t|u ■^is-et|v is the localization morphism (j2], IV.5.5.2) which we still denote by 
/ slightly abusively. For a sheaf ^ G V^t, the pullback is the sheaf corresponding to 
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the system which to any p : U' —U associates p . In particnlar, / ^oe ^ = e ^o / ^ 


which implies that KhH.2.11 is a commntative diagram of topos. We dehne 


(3.3.2.2) 


KA — € D(^is_4t|u)- 


By the preceding discussion, if 


/ 


U 


V 



is a morphism in Lisse-Et(=^), we get 


f*KB = ka 


showing that the family (ka) dehnes locally an object of D(^is_^t)- 

3.4. Glueing the local dualizing data. Let A G Lisse-Et(,^) and e : ^U^t be as 


above. We need hrst the vanishing of S’xf{nA, < 0. 


Lemma 3.4.1. Let ^G D(U^t). One has 

(i) ExE(e*^,e*^) = ExE(^,^). 

(ii) The etale sheaf S xt\e* ^ ^ e*'^)\] on Uet is 

Proof: Since e* is exact and for any sheaf F G U^t one has F = e*e*F, the adjunction map 
F ^ Re*e*F is an isomorphism for any F G D(Uet)- By trivial duality, one gets 


e* ^hom{e*^, e*^) = ^hom{^, e*e*^) = ^hom{^, ^). 


Taking Jf^RF gives fij. 


By construction, <Pxf(e*^, €*^)u is the sheaf associated to the presheaf on Uet which to 
any etale morphism tt : V —> U associates Ext*(7r*e*^, 7r*e*^^) where n* is the the pull-back 
functor associated to the localization morphism 



(0, V.6.1). By the commutativity of the diagram 13.3.2. IL one has 7r*e* = e*7r*. Therefore 
Ext*(7r*e*^,7r*e*^) = Ext*(e*7r*^, e*7r*?f) = Ext^,, 7r*?f), 

the last equality is by fiJ. Since <Pxtu^^(^,^) is also the sheaf associated to this presheaf we 


obtain fiij. 


□ 


Using I!r2. 0.21 one obtains 
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Corollary 3.4.2. One has ka) = A and therefore (aa, ^a) = 0 if i < 0. 

The discussion above shows that we can apply ITTO to (ka) to get 

Proposition 3.4.3. There exists G inducing ka for all A G Lisse-Et(.^)|x. 

It is well defined up to unique isomorphism. 

The independence of the presentation is straightforward and is left to the reader : 

Lemma 3.4.4. Let Pi : SO i = 1, 2 two presentations as above. There exists a canonical, 

functorial isomorphism fl^{pi) Q^(^p 2 ). 

Definition 3.4.5. The dualizing complex of 21 is the ’’essential” value G of 

0t3r{p)i where p runs over presentations of 21. It is well defined up to canonical functorial 
isomorphism and is characterized by = OXa for any A : U —> in Lisse-Et(.^). 

3.5. Biduality. For A, B any abelian complexes of some topos, there is a biduality morphism 

(3.5.0.1) t%hom{t%hom{A,B),B) 

(replace B by some homotopically injective complex isomorphic to it in the derived catgory). 
In general, it is certainly not an isomorphism. 

Lemma 3.5.1. Let n : U —> S be a separated ‘^-scheme (or algebraic space) of finite type and 
A G Dc(U^t; A). Then the biduality morphism 

A^S?hom{t%hom{A, Ku), Ku) 

is an isomorphism (where Ky is -up to shift and twist- the dualizing complex ofB^t)- 

Proof: If A is moreover bounded, it is the usual theorem of jH]. Let us denote by the 
two-sides truncation functor 


T>—n'T<n- 

We know that Ku is a dualizing complex ([S], exp. I), and is of finite injective dimension 
(El; the homology in degree n of the biduality morphism A—>DD(A) is therefore the same 
as the homology in degree n of the biduality morphism r^A—>DD(rmA) for m large enough 
and the lemma follows. □ 
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We will be interested in a commutative diagram 


as above. 


V 


/ 


U 





Lemma 3.5.2. Let ^ G Dc(.^is-et) and let #'u G Dc(U^t) the object obtained by restriction. 

(i) One has f* ^hom{^u, Ka) = ^hom{f*^u, f*Kjsj) = Mhonn{f* Kb) . 

(ii) Moreover, ^hom{^\j, Ka) is constructible. 

Proof: Let’s prove (z). Bv 13.2.11 one has /*Ka = Kb, therefore one has a morphism 

f* t%hom{^Tj, Ka) Mhom{f*^u, Kb). 

To prove that it is an isomorphism, consider hrst the case when / is smooth. Because both 
Ka and Kb are of hnite injective dimension (I3.2.2|l . one can assume that F is bounded where 
it is obviously true by reduction to F the constant sheaf (or use 0 , 1,7,2). Therefore the result 
holds when / is smooth. 

From the case of a smooth morphism, one reduces the proof in general to the case when 

is a scheme. Let ^ h)c('^t) denote the complex obtained by restricting By the 
smooth case already considered, we have 

f* Mhom{^u,KA) ^ /*A*.^hom(^^,Kjr) 

= B* P^hom{^x,^s:) 

~ Mhom{B*^^,B*K:^) 

~ Mhom{f*^u, fK^). 

For (m), one can also assume ^ bounded and one uses jS], 1.7.1. □ 

Lemma 3.5.3. Let ^ G Dc(.^is-et)- Then, 

e* ^homu.^{^u,KA) = Pihom{^,VLar)\v 
where = e*^|u is the restriction of ^ to Etale(U). 

Proof: By dehnition of constructibility, are cartesian sheaves. In other words, e* 

being exact, the adjunction morphism 
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is an isomorphism. We therefore have 

f^|u) 

= ^hom{e* 


Therefore, we get a morphism 

e* Ka) ^hom{e*^u, e*KA) = VLgc)\\]. 

Bv i:f.4.1[ one has 

«(6*^u,e*KA)v = ^x%(r^u,rKA). 

But, one has 

^*(6*^homu,,(^u,KA))v = r^xt\jJ^v,KA)) 

and the lemma follows from 03121 D 

One gets immediately (cf. j3], 1.1.4) 

Corollary 3.5.4. is of finite quasi-injective dimension. 

Remark 3.5.5. It seems over-optimistic to think that would be of hnite injective dimension 
even if is a scheme. 

Lemma 3.5.6. If A E then ^hom{A,Q^) G 


Proof: Immediate consequence of 13. 5. 21 and 13.5.31 
Corollary 3.5.7. The (contravariant) functor 

^ D,(.r) 


□ 


^ I— »• I%hom{IP ,Vlx) 

is an involution. More precisely, the morphism 

L '. Id —>■ o 

induced bv \d.5.().l\ is an isomorphism. 

Proof: We have to prove that the cone C of the biduality morphism is zero in the derived 
category, that is to say 


Cu — e*C|u — 0 in Dc(Uet). 
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But we have 


r2jr), r2jr))|u = e^,3^hom{Mhom{^ 

e^,Mhom{e* Mhom{^jj,Kx)-i^s:\v) 

= /iom(^U; Ka), e*e*KA) by trivial duality 


= /iom(^U) Ka), Ka) 


EH) 




□ 


Remark 3.5.8. Verdier duality Djr identifies D“ and “ with a = 0, ±1,6 and the usual 
conventions —0 = 0 and —6 = b. 

Proposition 3.5.9. One has a canonical (bifunctorial) morphism 

^hom{A,B) = .^6om(D(B), D(A)) 

for all A,B e 

Proof: Let us prove first a well-known formula 

Lemma 3.5.10. Let A, B, C he complexes of A modules on ^ws-et- One has canonical identifi¬ 
cations 

^hom{A, ^hom{B, C)) = ^hom{A ® B, C) = ^hom{B, ^hom{A, C)). 

Proof: One can assume A, B homotopically fiat and C homotopically injective. Let X be 
an acyclic complex. One has 

Hom(X, ^om(B, C)) = Hom(X ® B, C). 

Because B est homotopically fiat, X(8)B is acyclic. Moreover, C being homotopically injective, 
the abelian complex Hom(X® B, C) is acyclic. Therefore, J^om(B, C) homotopically injective. 
One gets therefore 

t%hom{A, ^hom(B, C)) = =^om(A, J^om(B, C)) = =^om(A ® B, C) = t%hom{A ® B, C). 

□ 

One gets then 

i3^hom{D{B), D(A)) = t%hom{B){B),Mhom{A, VLA^hom{A^ DoD(B)) = ^hom{A, B). 


□ 








THE SIX OPERATIONS FOR SHEAVES ON ARTIN STACKS I: FINITE COEFFICIENTS 


29 


4. The 6 operations 

4.1. The functor Mhom{—, —). Let ^ be an S-stack locally of finite type. As in any topos, 
one can define internal horn G) for any F G D“(^) and G G 

Lemma 4.1.1. Let F G D~(^) and G G and let j be an integer. Then the restric¬ 
tion of the sheaf hornto the etale topos of any object U G Lisse-Et(^) is 

canonically isomorphic to (Fu, Gu), where Fu and Gu denote the restrictions to Uet- 

Proof: The sheaf {3Shomxi^^_^^{F,G)) is the sheaf associated to the presheaf which to 
any smooth affine ^-scheme U associates Ext-^^. G), where ^is-et|u denotes the localized 

topos. Let e : ^is-et|u —^ Uet be the morphism of topos indnced by the inclnsion of Etale(U) 
into Lisse-Et(=^)|u. Then since F and G have constructible cohomology, the natnral maps 
e*e*F — t F and e*e*G — G are isomorphisms in D(.^is_4t|u). By the projection formnla it 
follows that 


^ Extt,(e.F, f.G). 

Sheahfying this isomorphism we obtain the isomorphism in the lemma. □ 

Corollary 4.1.2. //F G and G G D^(^), the complex ^horn^^^^.^{F,G) lies in 

D+(^). 

Proof: By the previons lemma and the constructibility of the cohomology sheaves of F 
and G, it snffices to prove the following statement: Let / : V —> U be a smooth morphism of 
schemes of hnite type over S, and let F G D“(Uet) and G G D^(Uet)- Then the natnral map 
f* 3?homu^^^{F,G) —> ^homY^^{f*F, f*G) is an isomorphism as we saw in the proof of Id. 5. 21 
(see 13, 1.7.2). □ 

Proposition 4.1.3. Let X/S be an ‘^-scheme locally of finite type and X ^ be a smooth 
surjection. LetX, ^ be the resulting strictly simplicial space. Then for F G F)f{^\is-et) and 
G G F)f there is a canonical isomorphism 

(4.1.3.1) e^^/iom^l;^.,,(F,G)|x.,et - ^homx.,,{F\x.,,„G\x.^J. 

In particular, I^homx,^^{F\x,^^,G\x,^f) maps under the eguivalence of categories Dc(X,^^t) — 
Dc(=^is-et) to Mhomsr^.^.^{F, G). 
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Proof: Let ^is-et|x. denote the strictly simplicial localized topos and consider the mor- 
phisms of topos 


(4.1.3.2) 


t^Ois-et 




lis-et|X* 


X.,, 


et • 


Let F^t := e*7r*F and G^t := e*7r*G. Since F, G G P>c{.^\is-et)■, the natural maps F ~ Rvr^e^Fgt 
and G ~ Rvr^e^G are isomorphisms (j2.2.3|l . Using the projection formula we then obtain 


e^/iom^i;^.,,(F,G)|x.,et ^ 


e*7r*e^/iom^;.^.,,(F,G) 

e*7r*7r* (e^F^t, e*Get) 

e* (e*F^t, e^G^t) 


~ .^homx.,,t(F^t,G^t)- 


□ 


4.2. The functor /*. The lisse-etale site is not functorial (cf. [Hj, 5.3.12): a morphism of 
stacks does not induce a general a morphism between corresponding lisse-etale topos. In [inj, a 
functor /* is constructed on D)!' using cohomological descent. Using the results of 12.2.31 which 
imply that we have cohomological descent also for unbounded complexes, the construction of 
[12] can be used to dehne f* on the whole category ^c- 

Let us review the construction here. Let / : ^ be a morphism of algebraic S-stacks 

locally of hnite type. Ghoose a commutative diagram 


X-- ^ 


Y -- ^ 


where the horizontal lines are presentations inducing a commutative diagram of strict simplicial 
spaces 


Vx 

X. -- ^ 


f. 


TjY 

Y. -- ^ 


We get a diagram of topos 
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X ' Of I ^ Cf 


/. 


^7y 


Bv I2.2.(il the horizontal morphisms induce equivalences of topos 
De(^is-et) ^ D,(X.,4t), B,(mis-et) ^ 

We define the functor f* : Dc(^is-et) —> Dc('^is-et) to be the composite 


(4.2.0.3) 


/.* 


^ D ,( Y .,,0 D ,( X .,,0 ^ 


where f* denotes the derived pullback functor induced by the morphism of topos /, : X.^^t —>■ 
Y.^^f Note that f* takes distinguished triangles to distinguished triangles since this is true for 

/:• 

Proposition 4.2.1. Let A G D~{W) and let B G Then there is a canonical isomor¬ 

phism 


(4.2.1.1) 


/* ^hom{f*A, B) ~ ^hom{A, /*B). 


where we write /* for R/*. 


Proof: By 14.1.31 and 11^] , we have 


Rf^^hom{f*A,B)\Y ~ R/,* ,^/iomx.(/;A| y.B| x. 


The result therefore follows from the usual adjunction 


(4.2.1.2) 


R/.* Mhom^, .^ (/;(AI), Bjx.,*) ^ Mhomy.^,, (A|.,4t, /*Blx.,*)• 


□ 

Remark 4.2.2. Its dehnitely hopeless to generalize 14.2.11 to B G Y)c{^) because in general 
R/* does not map Dc to itself (for example consider BG^ —^ Spec(fc) and B = ©j>oA[i]). 

Remark 4.2.3. One can even show that I4.2.TI .still holds for arbitrary A G Dc(^), but the 
geometric signihcance is unclear because it is an equality of non constructible complexes. 
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4.3. Definition of R/i, /'. Let / : be a morphism of stacks (locally of finite type over 

S) of finite type. Recall ([H], corollaire 18.4.4) that R/* maps to D+(^is_^t)- 

Definition 4.3.1. We dehne 

R/, 

by the formula 

R/i = o R/^ o D^, 


and 


f 


by the formula 

f = D^oroD^. 

By construction, one has 


(4.3.1.1) 

f'Ll^ = 


Proposition 4.3.2. Let A G (.^is_^t) and B G Y)^ {^ns-et) ■ Then there is a (functorial) 
adjunction formula 

R/* /'B) = ^hom{Rf\A,'Q). 

Proof: We write D for D^, and A' = D(A) G One has 

.^/mm(R/!D(A'), B) = ,^/iom(D(R/,A'), B) 

= .^/iom(D(B),R/,A') (ITKlIll 


4.4. Projection formnla. 

= R/*e^/mm(/*D(B),A') (p:TTD 

= Rf.^hom{D{A')j'B) (13X1) 

□ 


Lemma 4.4.1. Let A, B G Dc(=^). 

(i) One has 

^hom{A,B) = D^(A®D^(B)). 

(ii) //A,B G D-(jr), then A®B G D-(jr). 

(hi) //A G D“(^), B G D+(^), then t%hom{A, B) G D+(^) 
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Proof: Let be the dualizing complex of 

Mhom{A,'Q) = ^hom{D^{B),Mhom{A,Q^)) ()d .5.911 
= e^/iom(D^(B) ® A, rijr) (I5.5.1()|l 
= D^(A ® D^(B)) 

proving (i). For (ii), using truncations, one can assume that A, B are sheaves : the result is 
obvious in this case. Statement (iii) follows from the two previous points. □ 

Corollary 4.4.2. Let f ^ ^ ^ be a morphism as in \4.t\ and let B e A e D“(^). 

One has the projection formula 

R/,(A(|)/*B) = R/iAIb. 

Proof: Notice that the left-hand side is well dehned bv 14.4. 11 One has 
R/KA 0 /*B) = o R/, o D^(A 0 D^/’D^B) 

= OsroRf,{^hom{kj'O^B)) (HXm 
= Dr(e^/mm(R/!A,D^B)) 

= R/IA0B ()4.4.1|) and ()3.5.7j) . 

□ 


Corollary 4.4.3. For all A G D+(^^), B G i'^), one has /' ^hom{A, B) = ^hom{f*A, /'B). 
Proof: By lemma 14.4.11 and biduality, the formula reduces to the formula 

r(A0D(B)) = rA0/*D(B). 

Using suitable presentation, one is reduced to the obvious formula 

/:(a.0b.) = /:a.0/:b. 

for a morphism /, of stricltly simplicial etale topos. □ 

4.5. Computation of /' for / smooth. Let f : ^ ^ W he a. smooth morphism of stacks of 
relative dimension d. Using 1233 one gets immediately the formula 

f*Ll^ = Q^{—d) 

(choose a presentation of Y —^ and then a presentation X —>■ fhe morphism X —Y being 

smooth, one checks that these two complexes coincide on =^is-et|x and have zero negative (Pxfs). 
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Lemma 4.5.1. Let A G Dc(^). Then, the canonical morphism 

f* t%hom{A, —>■ Mhom{f*A, f*Ll^) 

is an isomorphism. 

Proof: Using IH.4.11 one is rednced to the usnal statement for etale sheaves on algebraic 
spaces. Becanse, in this case, both 12^ and f*Ll^ are of hnite injective dimension, one can 
assnme that A is bounded or even a sheaf. The assertion is well-known in this case (by devissage, 
one reduces to A = A^ in which case the assertion is trivial, cf. [5], exp. I). □ 

Corollary 4.5.2. Let f : ^ be a smooth morphism of stacks of relative dimension d. 
One has f = f*{d). 

Let j : be an open immersion. Let us denote for a while jj the extension by zero 

functor : it is an exact functor on the category sheaves preserving constructibility and therefore 
passes to the derive category Dc. 

Proposition 4.5.3. One has j' = j* and j\ = j^■ 

Proof: The hrst equality is a particular case of l4.5.2l Because j* has a left adjoint jj which 
is exact, it preserves (homotopical) injectivity. Let A, B be constructible complexes on ^ 
respectively and assume that B is homotopically injective. One has 

Rhom(j|A, B) = Hom(jjA, B) 

= Hom(A,j*B) (adjunction) 

= Rhom(A,j*B) 

Taking , one obtains that j* is the right adjoint of jj proving the lemma because j' = j* is 
the right adjoint of j\. □ 

4.6. Computation of Rh for i a closed immersion. Let i : ^ '3^ he & closed immersion 

and = 3L — 3L the open immersion of the complement : both are representable. We 

dehne the cohomology with support on for any F G ^is-et as follows. First, for any Y —^ 
in Lisse-Et(^^), the pull-back ^ is in Lisse-Et(^) and Y.^ —> -^3^ is in Lisse-Et(^). 

Then, we dehne H^(F) 

r(Y,H:^(F)) =ker(r(Y,F)^r(Y*,F)) 

and RF^ is the total derived functor of the left exact functor 
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Lemma 4.6.1. One has 12jr = i*Rr^(12^). 

Proof: If 2 is a closed immersion of schemes (or algebraic spaces), one has a canonical (and 
functorial) isomorphism, simply because is the right adjoint of R. If K denotes one of 

the objects on the two sides of the equality to be proven, one has therefore (PxfiK, K) = 0 for 
z < 0. Therefore, these isomorphisms glue (use theorem 3.2.2 of [7] as before). □ 

Proposition 4.6.2. The functor B i—^ z*Rr^(B) is the right adjoint of i^, and therefore 
coincides with v. More generally, one has 

^hom{i^A,B) = z* (A, z*RH)^-(B)) 

for all A G D(.^),B G D(^). Moreover, one has one has i\ = z* and has a right adjoint, the 
sections with support on 30. 

Proof: If A, B are sheaves, one has the usual adjunction formula 

hom(z*A, B) = z* hom(A, z*H^(B)). 

Because z* is exact, it’s right adjoint sends homotopically injective complexes to homotopically 
injective complexes. The derived version follows. One gets therefore 


i\A = 3?hom{i^3?hom{A,Q^),Q^) 

= z* "^hom(.^/zom(A, 12^), z*RH)^(12^)) 

= i^: 3?hom{t%hom{A,Q^),Qx) (imii 

= z,A dini) 

□ 


4.7. Computation of /' for a universal homeomorphism. By universal homeomorphism 
we mean a representable, radiciel and surjective morphism. By Zariski’s main theorem, such a 
morphism is hnite. 

In the schematic situation, we know that such a morphism induces an isomorphism of the 
etale topos (j2], VIII.1.1). In particular, /* is also a right adjoint of /*. Being exact, one gets 
in this case an identihcation f* = f. In particular, f* identihes the corresponding dualizing 
complexes. Exactly as in the proof of l4.6.1l one gets 


Lemma 4.7.1. Let f \ be a universal homeomorphism of stacks. One has f*Ll^ = 12^. 


One gets therefore 
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Corollary 4.7.2. Let f : ^ ^‘3^ be a universal homeomorphism of stacks. One has one has 
f = r and R/, = R/*. 

Proof: One has 

/'A = 3?hom{f* t%hom{A,Ll^),Ll^) 

= t%hom{Mhom{f*A, f*0,^),0,^) (I4.5.1I1 

= 3?hom{Mhom{f*A,kl^),kl^) (I4.7.1|l 

= rA (imii . 

The last formula follows by adjunction. □ 

4.8. Computation of R/i via hypercovers. Let Y be an S-scheme of hnite type and / : 

> Y a morphism of hnite type from an algebraic stack Let X, —be a smooth 
hypercover by algebraic spaces, and for each n let dn denote the locally constant function on X„ 
which is the relative dimension over . By the construction, the restriction of the dualizing 
complex to each X„^^t is canonically isomorphic to the dualizing complex Kx„ = 0,_^^{—dn) 
of X„. Let Kx. denote the restriction of to X.^^t. 

Let L G D“(^), and let L|x. denote the restriction of L to X.^^f Then D^(L)|x. is 
isomorphic to Dx.(L|x.) := ■^homx. (L|x., Kx,). In particular, the restriction of R/iL to Y^t 
is canonically isomorphic to 

(4.8.0.1) .^/mmY,,(R/.*Dx.(L|x.),KY) G D,(Y,t), 

where /, : X^t —>■ Y^t denotes the morphism of topos induced by /. 

Let Y.^^t denote the simplicial topos obtained by viewing Y as a constant simplicial scheme. 
Let e : Y. ^t —> Y,£t denote the canonical morphism of topos, and let / : X,^^t —Y, ,£t be the 
morphism of topos induced by /. We have /, = e o /. As in ng, 2.7, it follows that there is a 
canonical spectral sequence 

(4.8.0.2) Er = RVp*Dx,(L|xJ ^ R"+V.*Dx.(Lx.). 

On the other hand, we have 

RVp.Dx,(L|xJ = RVp*^/^om(L|x„Ox,(-dp)) ^ ^‘'(DY(R/pi(L|x,(dp))), 
where the second isomorphism is by bidnalitv 18.5.71 Combining all this we obtain 

Proposition 4.8.1. There is a canonical spectral sequence 

(4.8.1.1) Ef = .jr’(Dv..(R/p,L|x,{<ip))) ^ Jf^+’(Dy.,(R/,L|Yj). 
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Example 4.8.2. Let k be an algebraically closed field and G a finite group. We can then 
compute H*(BG,A) as follows. We first compute ,^/iom(Rr!(BG, A), A). Let Spec(/c) ^ BG 
be the surjection corresponding to the trivial G-torsor, and let X, ^ BG be the 0-coskeleton. 
Note that each X„ isomorphic to G” and in particular is a discrete collection of points. Therefore 
R/ipA ~ Hom(G"',A). From this it follows that .^/iom(Rr!(BG, A), A) is represented by the 
standard cochain complex computing the group cohomology of A, and hence Rr!(BG, A) is the 
dual of this complex. In particular, this can be nonzero in infinitely many negative degrees. 
For example if G = Z/£ for some prime ^ and K = ^ll since in this case the group cohomology 
ff(G,Z/£) ~ Z/£ for alH > 0. 

Example 4.8.3. Let k be an algebraically closed field and P the affine line with the origin 
doubled. By definition P is equal to two copies of glued along Gm via the standard inclusions 
Gm C Ah We can then compute RP!(P,A) as follows. Let ji : A^ P (f = 1, 2) be the two 
open immersions, and let h : Gm P be the inclusion of the overlaps. We then have an exact 
sequence 

0 —>• h\A —> ji!A © j2!A —> A —0. 

From this we obtain a long exact sequence 

■ ■ ■ -. H* (G^, A) ^ H* (A\ A) © H* (A\ A) ^ H* (P, A) ^ . 

From this sequence one deduces that H°(P, A) ~ A, H^(P, A) ~ A(l), and all other cohomology 
groups vanish. In particular, the cohomology of P is isomorphic to the cohomology of 

4.9. Purity and the fundamental distinguished triangle. We consider the usual situation 
of a closed immersion i ■. 3A of stacks, the open immersion of the complement of ^ being 
j : W ^ ^ ^. For any (complex) of sheaves A on one has the exact sequence 

0 ^ j\j*A —>• A —> RPA —0. 

Therefore, for any A G Dc(^), one has the distinguished triangle (14.5.311 
(4.9.0.1) j,j*A^A^iJ*A 

which by duality gives the distinguished triangle 

(4.9.0.2) ijA^A^j,j*A. 


Recall (j4.t).2jl the formula r = RH)^. The usual purity theorem for S-schemes gives 
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Proposition 4.9.1 (Purity). Assume moreover that i is a closed immersion of smooth S-stacks 
of codimension c (a locally constant function on W). Then, one has i'A = i*A(—c)[—2c]. 

Proof: Let d be the relative dimension of ^ S and s the dimension of S. The relative 
dimension of AT is (the restriction to AT of) d — c. Bv 14.5.21 one has 

= A{d + s)[2d + 2s] and = A{d — c + s)[2d — 2c — 2e]. 

The identity gives therefore the formula 

(4.9.1.1) i'A = A(-c)[-2c]. 

Bv 14.5.21 one has 

i,fMhom{i'A,i'A) = A^hom{i\rA, A) 
which by adjunction for A gives a map 

i* Mhom{i\iA, A) A^hom{i'A, i'A). 

But the adjunction map (for i\) hrA—^A dualizes to 

Mhom{A, A) — A^hom{i\i'A, A) 

which gives by composition a morphism 

i*A = i* A?hom{A, A) Mhom{i'A,vA) = rA(c)[2c] 

which is the usual morphism for closed immersion of schemes. This morphism is compatible 
with the duality in an obvious sense. The usual purity theorem gives then the proposition, at 
least for A G By duality, one gets the proposition for A G and therefore for 

A G Dc(^^) using the distinguished triangle r>oA —A —>• r<oA. □ 


5. Base change 


We start with a cartesian diagram of stacks 


TT 

^ 

(.Ay (-Ay 


0 


□ 

V 


f 




and we would like to prove a natural base change isomorphism 
(5.0.1.2) p*Rfi = R0!7r* 
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of functors Dc(^) Though technically not needed, before proving the general base 

change Theorem we consider first some simpler cases where one can prove a dual version: 

(5.0.1.3) P'Rf* = R0*7r\ 


5.1. Smooth base change. In this subsection we prove the base change isomorphism in the 
case when p (and hence also tt) is smooth. 

Proof: Because the relative dimension of p and vr are the same, by 14.5.21 one reduces the 
formula 15.0.1.31 to 

p*R/* = R(/.*7r*. 


By adjunction, one has a morphism p*R/* —> R(/>*7r* which we claim is an isomorphism (for 
complexes bounded below this follows immediately from the smooth base change theorem). To 
prove that this map is an isomorphism, we consider first the case when W is algebraic space 
and show that our morphism restricts to an isomorphism on Since p is representable 
represents a sheaf on ^ns-et- Let ^\is-et\a:' denote the localized topos, w : ^\is-et\sr' fhe 

projection, and let A G be a complex. Let X —be a smooth surjection with X 

a scheme, and let X, —denote the associated simplicial space. Let X^ denote the base 
change of X, to . Then X', defines a hypercover of the initial object in the topos 
and hence we have an equivalence of topos — ■^is-et,xi- Let w, : .^is-et|x./ —^ 

be the projection. Since the restriction functor from ^ns-et to <^is-et|xi takes homotopically 
injective complexes to homotopically injective complexes (since it has an exact left adjoint), 
p*R/*A|gr/^ is equal to Rta,*(A|^j.^ ). On the other hand, w, factors as 

(5-1-0-4) ^ »i, 

where 0, : X', —>• is the projection. Since a* is exact, we find that ^^|^,) is 

isomorphic to R0,*(A|x^ Similarly, factoring the morphism of topos ^is_et — ■^Letix' 
as 


(5.1.0.5) 


av'i 

■^lis-etlX; 


X' 


,et 




we see that Rd)*(A|^^/^ is isomorphic to R0,*(A|x'^^J. We leave to the reader that the resulting 
isomorphism p*R/*(A)|^/^ —>■ R0*7r*A|^,/ agrees with the morphism defined above. Thus this 
proves the case when p is representable. 
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For the general case, let Y' —>■ denote a smooth surjection with Y' a scheme, so we have 

a commutative diagram 


X' SC' SC 

(5.1.0.6) , ^ i 

Y' ^ 


with cartesian squares. Let A G Dc(^). To prove that the morphism p*R/*A —> R(/)*7r*A is 
an isomorphism, it suffices to show that the induced morphism g*p*R/*A —>■ g*R(/)*7r*A is an 
isomorphism. By the representable case, g*R0*7r*A ~ so it suffices to prove that the 

composite 


(5.1.0.7) 


g*p*R/*A ^ R5(*cr*7r*A 


is an isomorphism. By the construction, this map is equal to the base change morphism for 
the diagram 


X' 


SC 


Y' 


poq 




and hence it is an isomorphism by the representable case. 


□ 


5.2. Computation of R/* for proper representable morphisms. 

Proposition 5.2.1. Let ^ ^ SV he a proper representable morphism of S-stacks. Then 
the functor R/i : D“(^) ^ D~(^) is canonically isomorphic to R/* : D“(.^) ^ 

Proof: The key point is the following lemma. 

Lemma 5.2.2. There is a canonical morphism 'RfSts; 

Proof: Using |2!331 and smooth base change, it suffices to construct a functorial morphism 
in the case of schemes, and to show that (f’a;U(R/*f2^, = 0 for i < 0. Now if ^ and '3^ 

are schemes, we have = f'kl^ so we obtain by adjunction and the fact that R/i = R/* a 
morphism R/*Ujr —> For the computation of SxPs note that 

S?hom(Rf^kl^, = S?hom{kl^, f'kl^) = A. 


□ 
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We define a map R/* o —>• o /* by taking the composite 

—*-<^/iom(R/*(—), R/*f2^) —^<^/iom(R/*(—), Q^). 

To verify that this map is an isomorphism we may work locally on This reduces the proof 
to the case when ^ and ^ are algebraic spaces in which case the result is standard. □ 

5.3. Base change by an immersion. In this subsection we consider the case when p is an 
immersion. 

By replacing ^ by a suitable open substack, one is reduced to the case when p is a closed 
immersion. Then.|5.().1.2|follows from the projection formula |4. 4. 2| as in ng. p.81. Let us recall 
the argument. Let A G Dc(^). Because p is a closed immersion, one has p*p* = Id. One has 
(projection formula 14.4.21 for p) 

p^p*Rf\A = p*A (g) R/iA. 


One has then 


R/i A (g) p* A = R/i (A (g) /*p* A) 


(projection formula 14.4.21 for /). But, we have trivially the base change for p, namely 


/*p* = 7r*0*. 


Therefore, one gets 

R/,(A(lrp*A) 


R/!(A(|7r*0*A) 

L 

R/!7r*(7r*A (g) 0*A) projection for vr 
p*0!7r*A because vr* = 7i\ (15.2. Ijl . 


Applying p* gives the base change isomorphism. 


Remark 5.3.1. One can prove IK~(). 1.31 at least for A bounded below, more directly as follows. 
Start with A on an injective complex. Because R°/*Aj is flasque, it is T^z-acyclic. Then, 
p'R/*A can be computed using the complex J^,(R°/*Aj). On the other hand, tt'A can be com¬ 
puted by the complex J^,(Aj) which is a flasque complex (formal, or [3], V.4.11). Therefore, 
the direct image by 0 is just R°0*.^^/(Aj). One is reduced to the formula 
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5.4. Base change by a universal homeomorphism. If p is a universal homeomorphism, 


then p' = p* and vr' = n*. Thus in this case 15.0.1.51 is equivalent to an isomorphism p*R/* 


R(/)*7r*. We dehne such a morphism by taking the usual base change morphism (adjunction). 

Let A G Using a hypercover of ^ as in 15.11 one sees that to prove that the map 

p*R/*A —R0*7r*A is an isomorphism it suffices to consider the case when is a scheme. 
Furthermore, by the smooth base change formula already shown, it suffices to prove that this 
map is an isomorphism after making a smooth base change Y —> '3^. We may therefore assume 
that 3^ is also a scheme in which case the result follows from the classical corresponding result 
for etale topology (see [T], IV.4.10). 

5.5. Base change morphism in general. Before defining the base change morphism we need 
a general construction of strictly simplicial schemes and algebraic spaces. 

Fix an algebraic stack In the following construction all schemes and morphisms are 
assumed over ^ (so in particular products are taken over 3^). 

Let X, be a strictly simplicial scheme, [n] G A+ an object, and a : V —>• a surjective mor¬ 
phism. We then construct a strictly simplicial scheme M(X,, a) (sometimes written M^(X,, a) 
if we want to make clear the reference to with a morphism M(X,,a) —>■ X, such that the 
following hold: 

(i) For i < n the morphism M(X,, a)j —>■ Xj is an isomorphism. 

(ii) M(X,, a)n is equal to V with the projection to X„ given by a. 

The construction of M(X,, a) is a standard application of the skeleton and coskeleton func¬ 
tors (0, exp. Vbis). Let us review some of this because the standard references deal only with 
simplicial spaces whereas we consider strictly simplicial spaces. 

To construct M(X,,a), let A+ C A'*' denote the full subcategory whose objects are the 

A +opp 

finite sets with cardinality < n. Denote by Sch " the category of functors from A+°pp to 
schemes (so Sch'^^ is the category of strictly simplicial schemes). Restriction from A’''°pp to 
A+°PP defines a functor (the n-skeleton functor) 


(5.5.0.1) 


sq„ : Sch' 


A+°pp ^ Sch'^"°'’'’ 


which has a right adjoint 


(5.5.0.2) 
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A +Opp 

called the n-th coskeleton functor. For X, G Sch " , the coskeleton cosq„X in degree i is equal 

to 


(5.5.0.3) (cosq„X)i = Im X^, 

[fcMi] 

k<n 

where the limit is taken over the category of morphisms [k] [i] in A+ with k < n. 

Note in particular that for i < n we have (cosq„X)j = Xj since the category of morphisms 
[k] —>■ [i] has an initial object id : [i] —^ [i]. 

A d-opp 

Lemma 5.5.1. For any X, G Sch " and i > n the morphism 

(5.5.1.1) (cosq„X)i ^ (cosqi_iSqi_iCOsq„X)i 
is an isomorphism. 

Proof: Using the formula l5 .5.(). 31 the morphism can be identihed with the natural map 

(5.5.1.2) lim Xfc —>■ lim ( lim X^„) 

k<n k<i—l w<n 

which is clearly an isomorphism. □ 

Lemma 5.5.2. The functors sq„ and cosq„ commute with fiber products. 

Proof: The functor sq„ commutes with hber products by construction, and the functor 
cosq„ commutes with hber products by adjunction. □ 

A -fOpp 

To construct M(X,,a), we hrst construct an object M'(X,,a) G Sch ** . The restriction 

of M'(X,, a) to will be equal to sq„_iX, and M'(X,, a)„ is dehned to be V. For 0 < j < n 

dehne 5j : M'(X,, a)„ —>■ M'(X,, a)n-i = X„_i to be the composite 

(5.5.2.1) V ^ X„ ^ X„_., 

where denotes the map obtained from the strictly simplicial structure on X,. There is an 
obvious morphism 

M'(X,, a) —>• sq„(X,) inducing cosq„M'(X,, a)) —> cosq„sq„X,. 

We then dehne 

X., 


(5.5.2.2) 


M(X,, fl) . (cOSq^M (X,,Cl)) X(.osq„sq„X, 
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where the map X, —> cosq^sq^X, is the adjunction morphism. The map M(X,,a) —X, is 
dehned to be the projection. The properties (i) and (ii) follow immediately from the construc¬ 
tion. 


Proposition 5.5.3. Let be an algebraic stack andX, ^ a hypercover by schemes. Letn 
be a natural number and a : V —>■ X„ a surjection. Then M^(X,, a) —> is also a hypercover. 
IfX, is a smooth hypercover and a is smooth and surjective, then M^(X,,a) is also a smooth 
hypercover. 


Proof: By dehnition of a hypercover, we must verify that for all i the map 

(5.5.3.1) M(X,, a)i (cosqj_iSqj_iM(X,, a))* 

is surjective. Note that this is immediate for i < n. For i > n we compute 
(cosqi_iSqi_iM(X.,a))i ~ (cosqi_iSq^_i(cosq„M'(X., a) Xcosq„sq„x. X.))* 

- (cosqi_iSqi_i(cosq„M'(X.,a)))i X(cosq,sq,_ lCOsq„sq„X.)i (cosqi_iSqi_iX. 

~ (cosq„M'(X„a))i X(cosq^,q^x.)i (cosq^.iSqi.iX.ji. 

Here the second isomorphism is because sq„ and cosq„ commute with products, and the third 
isomorphism is bv 15.5.11 Hence it suffices to show that the natural map 

(5.5.3.2) Xj ^ (cosqj_iSqj_iX,)i 


is surjective, which is true since X, is a hypercover. This also proves that if X, is a smooth 
hypercover and a is smooth, then M^(X,, a) is a smooth hypercover. □ 

The construction of M^(X,,a) is functorial. Precisely, let / : —>■ W he & morphism of 

algebraic stacks, X, —a strictly simplicial scheme over SP ^ ^ a strictly simplicial 
scheme over ^, and /, : X, —Y, a morphism over /. Then for any commutative diagram of 
schemes 


(5.5.3.3) 


V 


X. 


w 


Y. 


there is an induced morphism of strictly simplicial schemes Mjr(X,,a) 


M^(Y,,&) over /,. 


Proposition 5.5.4. Let f ■. 3P ^ ^ be a morphism of finite type between algebraic S-stacks 
locally of finite type. Then there exists smooth hypercovers p : X, ^ and q ■. Y, ^ W by 
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schemes and a commutative diagram 


(5.5.4.1) 


X. Y. 


where each morphism fn'.Xn^ Y„ is a closed immersion. 

Proof: We construct inductively hypercovers ^ and yI""^ —^ and a commutative 

diagram 


(5.5.4.2) 


together with a commutative diagram 


(5.5.4.3) 


^(n—1) 


over /. We further arrange so that the following hold: 

(i) For i < n the maps and Y^^”^ —are isomorphisms. 

(ii) For i < n the maps x|”^ —Y^^”^ are closed immersions. 

This suffices for we can then take X, = limX’^'^^ and Y, = ImY*^"^). 

For the base case n = 0, choose any 2-commutative diagram 


X = ux,- 


Y = UY,- 


(5.5.4.4) 


with Pi and g* smooth, surjective, and of hnite type, and X* and Yj affine schemes. Then /* 
are also of hnite type, so there exists a closed immersion Xj Ay, for some integer r over 
Xj —Yj. Replacing Yj by Ay^ we may assume that / is a closed immersions. We then obtain 
xi'^^ —i> yI^^ by taking the coskeletons of p and q. 

Now assume that has been constructed. Choose a commutative diagram 


(5.5.4.5) 



46 


YVES LASZLO AND MARTIN OLSSON 


with a and b smooth and snrjective, and j a closed immersion. Then dehne X 


(n) 


to be 


(5.5.4.6) 




□ 

Remark 5.5.5. The same argnment nsed in the proof shows that for any commntative diagram 


X. ^ Y. 

(5.5.5.1) 


where p and q are smooth hypercovers, there exists a morphism of simplicial schemes g ^ 
Y, over /, with each gn : X„ —> Y„ an immersion snch that X, (resp. Y,) is a hypercover of 
3^ (resp. '3^). In other words, the category of diagrams 15. 5 . 4 . l| is connected. 


Let f : ^ ^ W he a. morphism of algebraic stacks over S. For F G we can compnte 

R/iF as follows. Let Y, —be a smooth hypercover, and let vr : be the base 

change of ^ to Y,. Let /, : ^y, —> Y, be the projection. Let cosTy, denote the pnllback of 
the dnalizing sheaf to 3^y,, and let D^y. denote the fnnctor Similarly 

let ujy, denote the pnllback of 14^ to Y,, and let Dy. denote ^hom{—,ujy,). 

If dn (resp. d'^) denotes the relative dimension of Y„ over 3^ (resp. Y(^ over 3^'), then dn 
(resp. d'^) is also eqnal to the relative dimension of ^y^ over ^ (resp. ^y, over 3^'). From 
11321 it follows that the restriction of a;^Y. is canonically isomorphic to Vt^^^{—dn)- 

Similarly the restriction of ujy, to Y„ is canonically isomorphic to Qy^{—dn). Note that this 
combined with E37I shows that Dy. o Dy. = id (resp. D^y. ° = id) on the category 

D,(Y.) (resp. D,(.rY.)). 

For F G Dc(.^), we can then consider 

(5.5.5.2) Dy.R/.,D^y.(^*F) e D(Y.,,0. 

The sheaf D^y.(^*F) is jnst the restriction of D^(F) to ^y,. It follows from this that 
R/»*D.^y.(^*F) is eqnal to the restriction of R/*D^(F) to Y,, and this in turn implies that 
Dy.R/,*D^y. (^*F) is isomorphic to the restriction of R/iF to Y.^^f From this we conclude that 
R/iF is equal to the sheaf obtained from Dy.R/,*D^y. (^*F) and the equivalence of categories 
(12231) D,(^r) ~ D,(Y.). 
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Theorem 5.5.6. Let 


(5.5.6.1) 




/' 








be a cartesian square of stacks over S. Then there is a natural isomorphism of functors 

(5.5.6.2) 6*R/! ^ R/,V. 


Proof: Bv 15.5.41 there exists a commutative diagram 

y: y. 


(5.5.6.3) p q 


where p and q are smooth hypercovers and j is a closed immersion. 

Let denote the base change x^/ and the base change Y,. Then 

there is a cartesian diagram 


ay~i ^ , ay 

(5.5.6.4) 3' 9 

Y: Y., 


where i and f are closed immersions. 

As before let o;^/^ (resp. ^y.) denote the pullback of (resp. 

fl^) to (resp. Y^, Y,), and let (resp. Dy;, Dy.) denote the functor 

* 

^hom{—,uJx’,) (resp. ^hom{—,uj^-y^),^hom{—,ujY'^),^hom{—,ujY,))- 

Y« 


Lemma 5.5.7. Let PL be a topos and A a sheaf of rings in tT. Then/or any A, B, C G D(^, A) 
there is a canonical morphism 

(5.5.7.1) A®Mhom{P),C) P?hom{t%hom{A,B),C). 


Proof: We have 
(5.5.7.2) 

Rhom(A® .^/iom(B, C), hom{A^hom{A, B), C)) ~ Rhom(A® .^/iom(B, C)^ A^hom{A, B), C). 
Let 

a : A® A?hom{A, B) ^ B, b : B® t%hom(B, C) —>• C 
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be the evaluation morphisms. Then the morphism 

A 0 C) 0 ^hom{A, B) B 0 ^hom(B, C) C 

and the isomorphism 15. 5.7. 21 Efive the Lemma. □ 

Let ^ denote the functor 


(5.5.7.3) ^ D(Y:). 

^ m 

Proposition 5.5.8. There is an isomorphism of functors ^ ~ Rgf'. 

Proof: Consider hrst the functor := ^ o g'* and let A G D7(Y^). Then 
^'(A) = DYfJ*DY,g^,^hom{i^t%hom{g'*A,u!jcf (dehnition) 

~ DY'J*TiY.g*t%hom(i:t,^%hom{i*i^g'*A,u^'^),uj^-y^) (YA = id) 

~ P)Y'.j*^Y.g*^hom{P^hom{i^g'*A,i*oj^'^),ijj^^J (adjunction for {i*,i*)) 

^ DYij*DY.5'*(**5''*A0.^/mm(Aa;^/ ,a;^Yj) (I5.5.7B 


~ P)Y',j*^Y.g*{g*j*A® Aihom{i^uJx', i'^*g'* = g*j* by proper base change) 

L 

~ DYij*DY.(j*A0R5f*,^/iom(Aa;^', ,a;^Y.)) (projection formula) 

L 

~ t%hom{j* i%hom{j^A®Rg^i%hom{i»u!^'^ ,u!Xy.)^^y.),^y'.) (dehnition) 

L 

~ j*j^^hom{j*^hom{j^A®Rg^^hom{AuJx-' ,^:Xy.),^y.),(^y'.) (fj* = id) 

L 

~ j*^hom{i%hom{j^A<S)Rg*t%hom{i^.uj^'^,uj^-y^),ujY.),j*^Y'.) (adjunction for (j*,j*)) 

~ i* Mhom{Mhom{i^A,Mhom{Rg^Mhom{i^uj^i^ ,uj^-yJ,ujY.)),j*^^Y'.) 


<— A®j* PShom{Mhom(Rg^^hom{i^.uj^i ^ ,uj^-yJ,ujY,),j*ujY',) fl5.5.7|l . 

^ m 

The following Lemma therefore shows that there is a canonical morphism A —> ^'{A) functorial 
in A. 

Lemma 5.5.9. For all s ^ X there is a canonical isomorphism 


Mhom{Mhom{Rg^:Mhom{i^,u}^'^ ,uj^-y^),ujY,), j*^^Y',) — R^5'*A. 

In particular, I%hom{Mhom{Rg^P^hom{i^ui^i ^ ,ui^-,^J,ujy,), j^ojY',) — g^A, so the com- 

posite 

A g'^A ~ T<oj* ^hom{^hom{Rg^^hom{i^ujjt:'^ ,ujj(Yj,ujY.),j*ujY'.) 
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induces a canonical morphism 

A —> j* i%hom{i^hom(Rg^:^hom{i^:U^’^, uj^'y.) y ^y.), ■ 

Proof: It suffices to construct such a canonical isomorphism over each Y^. Let dn (resp. 
d'^) denote the relative dimension of (resp. Y'^) over W (resp. W). Note that dn (resp. d'^) 
is also equal to the relative dimension of (resp. ^ (resp. As mentioned 

above we therefore have 


{-d'n), '•^XYn — ^XY^-dn), - ^Y„(-dn), - flY'^{-dn) ■ 

* n ^ n 

From this and an elementary manipulation using the identity 

Mhom{A{n), B(m)) ~ ^hom{A, B)(m — n) 

we get 
(5.5.9.1) 

i* P^hom{P$hom{Rg^^hom{i^ujs:', ,^XyJ^ ), j*^Y '^) 

~ j* ^hom{Mhom{Rg^Mhom{An^> {-d'J,n^^^{-dn)),^Yr,{-dn))J*^Y'J-dn)) 

* n 

~ j* Mhom{Mhom{Rg^Mhom{i^Vt^> , ^y„), j*f^Y;)- 

We then get 

Mhom{un^> ,nxYj - ^hom{i\Vtx’ ,^XyJ (14.6.21) 

*72 ^72 

~ RMhomiyt^f^ A'^XyJ (14-3.21) 

^72 

*72 *72 *72 

~ i.A (EUl). 

Therefore 15.5.9.11 is equal to 

j* 3Shom{AShom{Rg^i^A, flvn), — j* PShom{P^hom{jJig[A, j*f^Y;)- 

Then 

j* 3ghom{^hom{j^Rg'^A,QYj,j*^Y'J - j* P^hom{j^P^hom{Rg'^A, j'VtY^), (14.3.21) 

~ ^hom{j*j^ MhomifRg'^A, fly;), f^Y;) 

~ ^hom{^hom{Rg'^A,VtY'J,PtY'J (j*j* = id) 

^ r^?:a (eeb. 

□ 














50 


YVES LASZLO AND MARTIN OLSSON 


The functor id —induces for any A G Dc(Y^) and B G Dc(<^/) a morphism 

Mhom{k^ R- 5 '*B) —i> ^hom{A, ~ Mhom{A, ^{g'*Rg'Ji)) —>• ^hom{A, ^(R)), 

where the last morphism is induced by adjunction ^ B. This map is functorial in A, 

so by Yoneda’s Lemma we get a canonical morphism Rf/'B — ^(B). To prove IK7^1?1 we show 
that this map is an isomorphism for all B G Dd^y /). 

For this we can restrict the map to any J^y,. Noting that the shifts and Tate twists cancel 
as in we get 


^(B)| 


Y' 


~ ^hom{j* ^hom{Rg^I^hom{i^^hom{B,Q^'^ ), r2Y„), 

~ ^^hom{j* Mhom{RgA*^hom{^^homiR,Vt^i ^),Ri'Vt^^^),Vty^),Vtyi^) (I4.d.2|l 

~ ^hom{j* Mhom{j^Rg'^R, hlY„), , 13. 5. 71 andj^Rfi'* = Rg*i*) 

'^n 

~ ^hom{j*j^: ^hom{RglB,Rj'AlY^),ilYi^) ()4.3.2j) 

~ ^/mm(e^/mm(R5('B,f2Y;),f^Y;) {j*j* = id, 


~ R^:B (IrTtI) . 


We leave to the reader the task of verifying that this isomorphism agrees with the map obtained 
by restriction from the morphism ^(B) —R^^'B constructed above, thereby completing the 
proof of 15. 5. 81 □ 

Let 71 : ^Y, —^ ^ (resp. tt' : S^y,^ —*• ^') denote the projection. The isomorphism 
^ ~ R^i' induces a morphism of functors 


j*DY.R5'*D^Y. 


(5.5.9.2) 


This map induces a morphism 


^ (id ^ AR) 

— DY;DY;j*DY.R5'*D^Y.**B)^'^ R ()3.5.7j) 
~ Dy;^D^'^R (definition) 

~ Dy;R^:d-** dEEHD- 


(5.5.9.3) 


P*R/! 








p*Rg*DY.Rfi'*D^Y.^* (cohomological descent) 
Rp*j*DY.R5'*D^Y.^* (base change morphism) 
Rp,DY;R^:D^y^*7r* (33331) 

Rp.DYiR^P^y 7r'*a* (Rtt* = 7i'*a*) 
R/i'a* (cohomological descent). 


which we call the base change morphism. 
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By construction this morphism is compatible with smooth base change on ^ and . It 
follows that in order to verify that 15 .5.9 .dl is an isomorphism it suffices to consider the case when 
and ^ are schemes. Furthermore, by construction if X, —> ^ is a smooth hypercover and 
X', the base change to ^ then the base change arrow HTb. 9. 51 is compatible with the spectral 
sequences iSU It follows that to verify that I5.5.9.5I is an isomorphism it suffices to consider 
the case of schemes which is jl], XVII, 5.2.6. Finally the independence of the choices follows 
by a standard argument from 15.5.31 This completes the proof of 15.5.61 □ 


5.6. Equivalence of different definitions of base change morphism. In this subsection 
we show that the base changed morphism defined in the previous subsection agrees with the 
morphism defined earlier for smooth morphisms, immersions, and universal homeomorphisms. 


5.6.1. The case when p is smooth. Choose a diagram as in I5.5.6.;fl and let d denote the locally 
constant function on W' which is the relative dimension of p. For any morphism S’ —> 'S' we 
also write d for the pullback of the function d to S’. Note that 


(5.6.1.1) j*uJY. ^ - ^sr'{-d). 

Lemma 5.6.2. For any A G T)c{Sy,) (resp. B G Dc(Y,)^ there is a natural isomorphism 
D.r' (^*A(ci)) ~ VD^y.(A) (resp. DYij*(B(d)) ~ j*DY.(B);. 

Proof: Consider the natural map 


i* F^hom{K,u}x'Y,) Mhom{i* 

(5.6.2.1) ^ £^hom{i*A,u}^p){-d) 

~ ^hom{i*A{d),uj^p). 

^ • 

We claim that this map is an isomorphism. This can be verified over each SAf,,. Let 7r„ : 

Sd (resp. TT^ : !Syi —>• be the projection. By the equivalence of triangulated 
categories F>c{,Sy,) — E)c(=^), there exists an object A' G Dc(.^) so that the restriction of A 
to Sy^ is isomorphic to vr*A'. The morphism 15.6.2. 11 is then identified with the isomorphism 


i* Mhom{A,ui^.yJ ~ i*'Kl^t%hom{A' ( 14 . 5.111 

~ Ti'*p* t%hom{A',Q^) 

~ Ti'*^hom{p*A',p*n^) (n3ni 

~ homin'*p*A', n*^p*n^) (HXTl) 

~ ^homii*A{d),uj^p). 

The same argument proves the statement DY;j*(B((i)) ~ j'^Dy.(B). 


□ 
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For any A G Dc(Y,), let a\ denote the isomorphism 

rA{d) ^ j*DY.DY.(A)(d) 

- DYij*DY.(A). 

For B G let /3 b denote the isomorphism 

z*B{d) ~ 

Also for C G Dc{<^y' ) 7 c be the isomorphism 

C{-d) ^ D^.,D^.,(C(-d)) 

Y • 

and let 7 ' : (C) i^C{—d) denote the map obtained by adjunction. This map also 

induces for every E G Dc(<^.) a morphism 5 e given by 

D^yA*^*D^y.(E) -' (TE)(d) —^ aye. 

Y* 

The map oa is a special case of a more general class of morphisms. For A, M G Dc(Y,) let 
Sa,m : j*A ® Dy^j^Dy. (M) —i> DY;j*DY.(A ® M) denote the composite 

L L 

j*A® ^hom{j*Rhom{M,UY,),UYi,) — j*{A®^^hom{3^hom{M,uiY.)^i*^Y',) 

—>• j* ^%hom{^hom(A, ^hom{M, ujy.)), j*^Y'.) 

L 

~ j* Mhom{Mhom{A®y[,ujY,)-, j*0JY',) 

— DyU^Dy. (A® M). 

Here the second morphism is given by 15.5.71 and the third morphism is by the adjunction 
property of ®. 

Lemma 5.6.3. For any A G Dc(Y,) the map oa is equal to the composite 

j*A((i) ~ j*A ® j*A((i) — j*A<^t%hom{j*Rhom{A,ujY.),(^Y'.) > DY:j*DY.(A). 


Proof: This follows from the dehnitions. 


□ 
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Lemma 5.6.4. For any A, B,M G Dc(Y,), the diagram 

L L Sr A/I ^ ^ 

j*A(g) j*B(g)DYij*DY.(M) —^ j*A(g)DYii*DY.(B(8)M) 

^ S L 

A,B (g) M 

j*(A(|)B)(|)DYii*DY.(M) DYii*DY.(A(i)B(|M) 


commutes. 


Proof: Consider the diagram 


A(g)B(g)j;DYij*DY.(M) -> A(g)[[B, [M,a;Y.]],i*cc/Yi] 


A(|B(|ADYii*DY.(M) 


A(|B(|)j;DYij*DY.(M) 


[[A(g)B, [M,ujY,]],j^UY^^' 


A (g) [[B (g) M, Cc/Y.], j*UJY'.] 


[[A, [B, [M,a;Y.]]],Acc;Yi] -> [[A, [B (g) M, o/y.]], 


[[A (g) B (g) M, UY.],j*ujY',] 


where to ease the notation we write simply [—, —] for ^hom{—, —). An elementary verihcation 
shows that each of the small inside diagrams commute, and hence the big outside rectangle also 
commutes. Applying j* we obtain the lemma. □ 

Similarly, for A, M e let Ra,m : RA (g) (M) ^ (A ® M) 

be the map 


L L 

AA(g)D^Y.**D^/^ (M) ~ AA(g)e^/iom(Ae^/iom(M,a;^/ 


n 


n' 


~ AA (g)e^/iom(e^/iom(AM, ),ci;^y. ) 

— ^hom{t%hom{i^A, ^hom{iJs/[, A<v^y 


n' 


lu 

~ ^hom{t%hom{i^{A (g) M), ), o/^y. ! 

L 

~ e^/iom(A <^hom(A (g) M, ), ct/jyJ 


= D^yA*D^/ (A(g)M), 
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where the third morphism is provided by 15.5.71 As above, one verihes that for A, B, M G 
Y)c{^y') diagram 

• * ^ ^ /T. ,M . A ^ T-N . T-S /T-X ^ T» A-\ 

DjrY.**D.r', (M) -*• (B(8)M) 

~ R L 

A,B 0 M 

z,(A®B)|d^,.z,D-,(M) D^,.^,D-,(A|B|M) 

commutes. 

From this it follows that if (pp^ : A —>■ ^'(A) denotes the morphism constructed in the proof 
of l5.5.8[ then the diagram 

A - A 


‘fA 


DYij*DY.5'*D^Y.^*D^;5f'*A 


adjunction 

gW*^ 

7 




commutes. 

Note that the base change morphism in the above diagram is an isomorphism. This can be 
verihed over each . Here the functor D jfy AD jf/ is up to shift and Tate torsion isomorphic 

1 n In 

to i\ = A- The base change morphism is therefore induced by the isomorphism 


~ fj^g'^ ~ g'J*i*. 


By the dehnition of the morphism in 15.5.81 this implies that for any A G Dd^y,) the 
diagram 


DY:j*DY.5'*D^Y.AD^' (A) 

A* 

EEE 


(A) 


i*5'*D^Y.AD^;(A)(d) 

base change 


g'M) g'j*Ds-^j,Ds-:(A)(d} 

commutes. Combining the commutativity of this diagram with the commutativity of the dia¬ 
gram (verihcation left to the reader) 
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one sees that the diagram 


(5.6.4.1) 


D y: j * D Y. S'* D D ^Ty. 


j*5'*DjrY.D^Y. 






ST' **D^y. 


=id 


Y. 


J*9*{d) 


base change 


0 

g'j*{d) 


commutes. 

We are now ready to prove the equivalences of the two dehnitions of the base change 
morphism. The morphism constructed in 15.51 is the composite 


P*f\ = P*g*DY.5'*D^Y.^* 

- P*j*DY.5'*D^Y.^* 

^ P*^Y'.g'*^^'i*7^* (|5.5.9.2D 

- P*DY:5'*D.r' 7r'*a* 

- fla*- 

The dual version of this morphism is given by 

p'/* = D^/p*g*DY.S'*DjrY.7r*D^ 

- P*DY:j*DY.5'*D.rY.D^Y.^* 

^ p*Dy:Dy:p:d- (1^3:^ 

- p*g'J*T^*{d). 

- fla-- 

By the commutativity of Ib.b.d.TI this is the same as the composite 

p'f* = D^/p*g*DY.S'*D^Y.^*D^ 

- P*DYij*DY.fi'*D^Y.D.rY.7r* 

- P*DYij*DY.5'*7r* 

- p*j*g*T^*{d) 

p*g'J*T^*{d) 

r[ I 

^ f^a-- 


D^^y. = id 

DyU^Dy. -r{d) 
(base change morphism ) 


From this it follows that the morphism dehned in 15.11 agrees with the one dehned in 15.51 
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5.6.5. The case when p is a universal homeomorphism. The same argument used in the previous 
section shows the agreement of the base change morphism in 15.51 with the base change morphism 
in lOl Indeed the only property of smooth morphisms used in the previous section is that 
the dualizing sheaves can be described as in 15.6.1.11 This also holds when p is a universal 
homeomorphism (with d = 0). 


5.6.6. The case when p is an immersion. With notation as in l5.5[ note hrst that to prove that 
the two base change morphisms agree it suffices to show that they agree on sheaves of the form 
7r*A with A G Dc(^'). Indeed for any B G Dc(^) either base change isomorphism factors as 


p*/iB > p*/|7r^7r*B -0!7r*7r*7r*B = 


In order to prove that the two base change morphisms agree, it is useful to hrst give an 
alternate description of the morphism dehned in 15.,11 

With notation as in 15.31 there is for any A G Dc(^') a canonical isomorphism 


D.r'(A) 


~ ,^/iom(A, 

~ 71*71^ ^hom{A,7i'fl^) 

~ 71* £ihom{'K^A,Tl^) 

~ 7r*D^(7r*A), 


and similarly D^/ ~ We can also write these isomorphisms as vr^D^/ ~ D^vr* and 

We therefore obtain a morphism 


(5.6.6.1) 


p*R/!(7r*A) = p*Djr/*D^(7r*A) 

~ p*D^p*0*D^/(A) 
~ p*p*Djr'((>*D^/(A) 

~ (j)\A. 


Lemma 5.6.7. This morphism agrees with the one defined in \5.,‘J[ In particular the morphism 
\5.6.6.1\ is an isomorphism. 
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Proof: Chasing through the dehnitions this amounts to the commutativity of the following 
diagram 

projection formula 

p*I)^p^p* f^DP*if\if*P*A (8) 7r*A)) 

D^/p*/*D^(vr*A) p*/!(7i*A®7r*0*A) 

base change ~ 

Dg./0*7r*Djr(vr*A) p* f[Tr^{Ai^ (j)*A) 

A -^ 0i7r*(A). 

We leave to the reader this verihcation. □ 

In particular, since the map Id.d.ti.ll is an isomorphism we can dehne the base change mor¬ 
phism for B G Dc(^) as the composite 

(5-6.7.1) p*f,^ -, p*/,(7r,7r*B) ^^3 

Using this alternate description of the base change morphism in 15.dl we can prove the 
equivalence with that given in 15.51 By a standard reduction it suffices to consider the case of a 
closed immersion. So £x the diagram 15.5.(1.11 with p a closed immersion, and choose a diagram 
as in Since p is a closed immersion we may without loss of generality assume that 

rTTTOl is cartesian. 

Lemma 5.6.8. The functors j* : D(Y^) —> D(Y^) and A : D(.^,) —> D(.^.) have right 
adjoints f and f respectively. 

Proof: In fact j' = j*RTY', and r = . 

□ 

Note that for any [n] G A, the restriction of j' (resp. i') to a functor D(Y„) —D(Y^) 
(resp. )) agrees with the usual extraordinary inverse image. This follows for 

example from the explicit description of these functors in the proof of l5.6.81 

Lemma 5.6.9. There are canonical isomorphisms ujy'. — T^y, andoj^'^ ~ vojxy,- 
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Proof: By the glueing lemma I2.H.HL it suffices to construct an isomorphism over each 
(resp. ). Let d denote the relative dimension of over W. Then d is also equal to 
the relative dimension of Y^ over the relative dimension of over and the relative 
dimension of over We therefore have 

^ n 

I jr' = i'Vlar (— d) — Vtar' (— (f) — UJ sr' I «r' 

In In •in 

and 

T<^y.|y„. = j'^Yr,{-d) — ^Y'„{-d) ~ t^Yilv;- 


□ 


Lemma 5.6.10. For any A e E)(Yi) and B G D(Y.) (resp. C G and E G D(.£V.) ) we 

have 

j^^hom{A,j''B) CY Mhom{j^,A,B), i^MhomiC.i'Pj) ~ e^/iom(AC, E). 

Proof: Since f is right adjoint to j*, there is an adjunction morphism j'j* —^ id. This map 
induces a morphism 

j'B) ~ .^/mm(j*A, j^jiB) —>• .^/iom(jhA, B). 

That this map is an isomorphism can be verihed after restricting to each Y„ in which case it 
follows from the theory for schemes j3], XVIII, 3.1.10. The same argument gives the second 
isomorphism in the Lemma. □ 

Corollary 5.6.11. For any A G Dc(Y^) there is a natural isomorphism Dy.AA ~ j*DY'(A), 
and for B G ) there is a canonical isomorphism ~ ADjrq B. 

For A G Dc(Y^), let a a denote the isomorphism 

j,A ~ DYij*j;DYiA 
- DY:j*DY.j*A, 

and for B G let /3 b denote the isomorphism 

AB ~ D^/ (B) 

I • I • 

— (B) 

I • I • 

VD^y. (**B). 
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Define 7 g to be the isomorphism 

— B, 

and let 7 b : i*Dgc^ (B) —> B be the isomorphism obtained by adjunction. 

Following the same outline used in lh.b.ll freDlacing the a’s, /3’s, and 7 ’s by the above defined 
morphisms), one sees that the morphism I5.5.9.!21 in the case of a closed immersion is given by 
the composite 

From this it follows that the sequence of morphisms in I5.5.9.dl is identified via cohomological 
descent with the sequence of morphisms 15. 6.7. II and hence the two base change morphisms are 
the same. 

5.7. Kunneth formula. Let ^ and ^2 be stacks, and set ^ x ‘3^2- Let Pi 3^ 3^i 

L 

{i = 1 , 2 ) be the projection and for two complexes Lj G (3^) let Li®sL 2 G D(^) denote 

L 

p];Li®aP2L2- 

L 

Lemma 5.7.1. There is a natural isomorphism ~ K^^®sK# 2 - 

Proof: By (j^. III.1.7.6) there is for any smooth morphisms Ui ^ 3h {i = 1,2) with Uj a 
scheme, a canonical isomorphism 

L 

(5.7.1.1) K^|uixsU 2 — K^iIui®sK%|u 2 - 

Furthermore, this isomorphism is functorial with respect to morphisms Vj —Uj. It follows that 

L . 

the sheaf ^-Iso satishes the (fxt-condition ()2.5.5|1 . and hence to give an isomorphism 

as in the Lemma it suffices to give an isomorphism in the derived category of Ui Xs U 2 for all 
smooth morphisms IJi ^ 3h- □ 

Lemma 5.7.2. Let {£L^A) be a ringed topos. Then for any Pi, P 2 , Mi, M 2 G D(t^, A), there is 
a canonical morphism 

A^homfPi, Ml)® 3ihom{P2, M 2 ) —>■ 3?hom(Pi®P2: Mi(8)M2). 
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Proof: It suffices to give a morphism 

^/iom(Pi, Ml)® ^/iom(P2, M2 )®Pi®P 2 —*• Mi®M2. 

This we get by tensoring the two evaluation morphisms 

.^/iom(Pj, Mj)®Pj —>■ Mj. 


For the dehnition and standard properties of homotopy colimits we refer to jH] . 

Lemma 5.7.3. Let A,B G T){^).Then we have 

(1) hocolimr<„A = A; 

L L 

(2) A®B = hocolimr<„A®r<„B. 


□ 


Proof: Consider the triangle 


_ . 1—shift ^ A A 

©r<„A-^ ©r<„A ^ A 


If C = hocolim r<„A is the cone of 1 — shift, one gets a morphism C —A. By construction, 
one has 

^(C) = lim^(r<„A) = jr(A) 

proving that C —>■ A is an isomorphism. Tensoring (*) by B we get therefore a distinguished 
triangle 

L 1_oViifh L L 

©r<nA © B-^ ©r<„A © B ^ A © B 


proving 


L L 

hocolim r<„A © B = A © B. 


Applying this process again we hnd 


L L 

hocolimr<n © r<mB = A © B. 


Because the diagonal is cohnal in N x N, the lemma follows. 

Proposition 5.7.4. For Lj G D“(^^) (i = l,2j, there is a canonical isomorphism 

L L 

D^i(Li)©gD^2(L2) — D^(Li©sL2). 


□ 


(5.7.4.1) 
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Proof: Bv I5.7.1] and 15./!^ there is a canonical morphism (note here we also use that 
has hnite injective dimension) 

(5.7.4.2) D^j(Li)0sD#-2(L2) —D^(Li®sL 2 )- 

To verify that this map is an isomorphism, it suffices to show that for every j G Z the map 

(5.7.4.3) jr^(D^,(Li)®sD^ 2 (L 2 )) ^ 

L 

Because ® commutes with homotopy colimits (I5.7.3j] . we deduce from D(A) = hocolimD(r>mA) 
fuse 15.7.;^ that to prove this we may replace L* by r>mLj for m sufficiently negative, and there¬ 
fore it suffices to consider the case when L* G Furthermore, we may work locally in the 

smooth topology on Wx and and therefore it suffices to consider the case when the stacks 
are schemes. In this case the result is j3], XVII, 5.4.3. □ 

Now consider morphisms of S-stacks ^ (f = 1, 2 ), and let / : := Xs 

W := ^ Xs be the morphism obtained by taking hber products. Let Lj G 

Theorem 5.7.5. There is a canonical isomorphism in Dc(^) 

(5.7.5.1) R/!(Li®gL 2 ) —R/i!(Li)®sR-/ 2 !(L 2 )- 

Proof: We dehne the morphism 15. 7.5. II as the composite 

R/!(Li®sL 2 ) -^ E)^(/*D^(Li®sL 2 )) 

-^ D^(/*(D^^(Li)®sDjr 2 (L 2 ))) 

-^ D^(/i*D^^(Li)®s(/ 2 *D.r 2 (L 2 ))) 

-^ Dri(/i*Diri(Li))®sDr 2 (/ 2 *E)^ 2 (L 2 )) 

R/i!(Li)®sR/2!(L2). 

That this map is an isomorphism follows from a standard reduction to the case of schemes 
using hypercovers of biduality, and the spectral sequences 14.8.11 □ 
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